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Observable-dependent test of maximal twist

a presentation based on the notes prepared by:
P. Dimopoulos, R. Frezzotti, G. Herdoiza and G.C. Rossi



► Safe observable-dependent estimates of the systematic effects 
due to the uncertainty on κcr.

► Implementation on the observables Fps, M2
ps and mN

► Similar methods may be applied to other observables



Assume simulations that have been done at some β with :  00 ≠− opt

crMm

The action in twisted mass basisreads:  

with : (the optimal critical Wilson term)

The renormalised quark mass is given:

The action in physical basisis:

with: 

and fields given by:

The twisted angle  α is estimated in terms of the renormalised quark masses:

and θ is the deviation from π/2.
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The renormalisedquark mass is given by:

The effective Symanzik actionwhich corresponds for the case of             is :0θ ≠

Implications

► Data have to be interpreted in terms of the renormalised quark mass: 

RRRRM µθµαµ ≠== )cos(/)sin(/

► Operators allowed to rotate mustrotate, e.g. 
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► Existence of O(αθ) discretization errors in 
hadron masses and matrix elements induced 
by of  L5 .ψσψθ Fi ⋅)sin(

} “Analytical” estimates

→ Estimates from  the fits
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The maximal twist quality test

For all the values of  ββββ , we imagine to work at the same value of the twisted renormalised quark mass:

We are off mPCAC=0 by:

The deviation of the twisted angle from π/2 is estimated by:

Extrapolation at the reference point



For our simulations:

θlow = θlow (aµµµµ , ββββ )



Test Condition :   Statistical error  ≥ Systematic uncertainties

NPSPS mmfY ,, 2=

with: 

►

►

►

comes from the rotation of the operator

"" ,, NfmlowCuθ quantifies the O(aθ) corrections

◙ Statistical error: (linear sum due to correlations)

◙ Systematic uncertainties: 

For: 

( where u = a / r0)



Estimates of 
YC

Do   a   C o  m  b  i  n  e  d  chiral fit  including θ and O(aθ) corrections 
( µµµµR  independent variable):

[♠]



For 



Final combined fit of “safe” data       

Use the data that pass the Maximal Twist test do the combined fit:

… and obtain the LEC’s

[♠♠]



( R1=[r0/a] 3.90 / [r0/a] 4.05 )

C o m b i n e d   F i t s   f o r  ββββ = 3. 90 and 4. 05

● Bootstrap methodfor the error analysis: create bootstrap samples from the raw data for m2ps and Fps;
mN samples are generated according a gaussian distribution (following C. Urbach);
Pick up valuesZP from a gaussian distribution to formµR . Apply the Grid search method.

● add (linearly)  in the end of the procedure the error of r0/a

● Use Eq. [♠♠] with D’s=0

● Combined-concatenated chiral fits: chain application of the fits on m2ps , Fps and mN until  
convergence is succeeded. 



C o m b i n e d   F i t s   f o r  ββββ = 3. 90 and 4. 05 
+ O(a2) terms                                          

Bootstrap methodC. Urbach

[ Use Eq. [♠♠] ]



C o m b i n e d   F i t s   f o r  ββββ = 3. 90, 4. 05 and 3.80
+ O(aθ) terms                                          

[ Use Eq. [♠] and the bootstrap method ]



♦ ♦ ♦

♦ ♦ ♦



♦ ♦ ♦

♦ ♦ ♦



♦ ♦ ♦

♦ ♦ ♦



Let’s see if the systematic corrections are reasonable…



r0Fps vs. r0µR



r0Fps vs. r0µR



r0Fps vs. r0µR



r0Fps vs. r0µR



r0Fps vs. r0µR



r0mN vs. r0µR



r0mN vs. r0µR



r0m2
PSvs. r0µR



r0m2
PSvs. r0µR



Let’s include, besides O(aθ), also O(a2) corrections 

and implement the combined chiral fits’ method …



r0Fps vs. r0µR 
O(aθ) and O(a2) corrections included in β=3.80 data



r0Fps vs. r0µR 
O(aθ) and O(a2) corrections included in β=3.80 data
O(a2) corrections included in β=3.90 and 4.05 data



r0m2
PSvs. r0µR

O(aθ) and O(a2) corrections included in β=3.80 data



r0m2
PSvs. r0µR

O(aθ) and O(a2) corrections included in β=3.80 data
O(a2) corrections included in β=3.90 and 4.05 data



r0m2
PSvs. r0µR

O(a2) corrections included in β=3.80 data


