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» Safe observable-dependent estimates of the systematic effects
due to the uncertainty oq,.

» Implementation on the observableg M= ;and m,

» Similar methods may be applied to other observables



Assume simulations that have been done at $owi¢h :m,—M ™ 20
The action inwisted mass basiseads

Sp =iy V4 Wa+ (mo — MF*) +ipyer’lx

with : W, = —ardV,V,+ M2t (the optimal critical Wilson term)

The renormalised quark mass is given:

my = Z’gﬂl (o — MZF*) = ZaZs mecac, pn = Zaly.

The action imphysical basisis:

Sp =1y vV + E_"”J"'E'TEH"H + M

{
with: M= 1",.* (1o — JW-EPt:JE + p?, w = arctan(u/(mo — MZF)]
and fields given by: ¢ =€ %y, =Y  (anglew not known )
The twisted anglea is estimated in terms of the renormalised quark gsass

a = arctan(pg/mg), F=n/2—a

ando is the deviation from/2.



Therenormalisedquark mass is given by:

M, =M + 1z =m,/sin(6) = 4, / cos(@)

Theeffective Symanzik actionwhich corresponds for the casefof O IS :

f,s}m = ﬂi-]j + E:(.D + ﬂ-ijil_i + t'!.ﬂg, + D[I’.’LE) 3
Le =15 [sﬂl[E':li_:icr WAL CDS[E';IT___J’:rE,TEH - Fy]l + b_lﬂ-.erEill(E'}ﬂi-Jf +
+[bs (M sin(6))* + by (Mg cos(6) )?][sin(f)i1 — cos(8)iysm 1],

Implications

» Data have to be interpreted in terms of the renbsequark mass:

by

M. =t /sin(@) = p, 1 cos) # i,
» Operators allowed to rotateustrotate, e.g.

AL, - cos@)|A ], +sin@)v; ], +0(@)

» Existence ofO(af) discretization errors in
hadron masses and matrix elements induced —)

sin@yiolFy

of Ls.

“Analytical” estimates

Estimates from the fits



The maximal twist quality test

For all the values of3, we imagine to work at the same value of the edsenormalised quark mass:

EE lowTo = 0.05
We are off mp,=0 by:

— -
Amiew =/ [Mpcac + o> (mpcac)]ug o

The deviation of the twisted angle franf? is estimated by:

Bl = arctan[Z A, o /1], Plowe = Bl [aps, 3)
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For our simulations:

3 =3.38,am., =0.0039 = aA, . =0.00183
4=3.9,au, =0.0037 = a1 = 0.00027
4 =405, dpyoy = 0.0031 = aA,, o = 0.00031

B EEF(E-.S GeV) £y ﬂTﬂpc__JLc|#hw 1o/ a

3.80 0.348(7) 0.75(1) 0.00180(33) 116(3)
3.90 0.390(5) 0.76(1) 0.00026 (09) 5.22(2)
1.06 0.413(7) 0.77(1) 0.00029(11) 6.61(3)

Hlow = Hlow (a)u 1 ﬂ)

ensembles G =23.80 8 =3.90 3 =4.06

prp— 0.333 0.055 0.077
By, ) 0.051 0.070

A1, B, 0.225 0.032

Ay By, €, 0.170 0.024 0.040

A, By, C; 0.124 0.021 0.030

Ay By, Cy 0.083 0.014 0.02D

Bs, Cs D.051 0.040




Test Condition: Statistical error > Systematic uncertainties

cont
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[@) Systematic uncertainties

» For: Y=f,m,m,

av ootk av cort 5#3 cont )% cont s

OM, oM = g M 0My = . pr(l — cos(Biow) )

with: oMy = #R[C'JE(Em)_l _ 1)|.3 - Ell_?:rn-

> (cos(fiw ) ™' — 1)fes  comes from the rotation of the operator

> " uglowém,f,N" guantifies theD(ad) corrections



Estimates of (:

Do a Com b in e d chiral fit includgw and O(ad) corrections

( 4z Independent variable):

festo =1o0fo [1 — 2 log (%) + uEDﬂ IEF?DHILE__.-“EL) +

ok . - ) |

rimig = _‘l.;_l'._lI'E», [1 + &log (l‘é) + Df‘:l} I:I':.EDH(\F_EE L))E +

Eﬂ-f'_lq_ + uél.:-w'fmrﬂ_g} 3'3 3

.
S doy 0 Ba ] 2432 4 A0 A
myTo = oMy — T XuTg — T fi (-"'L;ﬂcl) + u DMy +

Smyy
+ { SMn

ook

5Mz + ublowCx :—51} o,

[4]

Ié'lm- = arctan|Z gmp .:3__1.;3|le_ ;’Ju] \ élm— = élm— (ape, 3:1




For élc.w = arctan[Z smpcac|y_ /1] élm = élm. (ap, 5)

ensembles 3= 3.80 G=3.90 G =405

1 — fliom 0.338 D.055 0.077
By, C4 0.049(17) 0.075(29)

Ay, B, 0.221(39) 0.031(11)

Ay By, Cy 0.167(30) 0.023(08) 0.038(14)

Ay By, Cy 0.122(22) 0.020(07) 0.028(11)

Ay B:, Oy 0.082(15) 0.013(05) 0.019(07)
B, Ct 0.049(17) 0.033(14)




Final combined fit of “safe” data

Use the data that pass the Maximal Twist test d@dimbined fit:

) + 2D K§PH(,

[1 —2¢log (a

=1h

rofes(ronr) = 10fo 3

1
2 2 X a = 9

(romes)~(Torr) = XuTo [1 + &log (,;;) + u‘Dﬁl} K% (xaL)”

e 3 59'31 243/2 2 0
romy (ropr) = oMy — ;_‘tpi"g e f2:2 (_"(_PT'Q) Tt utDyrg My
2Brur
£ = = 2B

[44]

. and obtain the LEC's



Combined Fits forf=3.90and4. 05

® Use Eq[#4] with D’s=0

e Bootstrap methotbr the error analysis: create bootstrap samptes the raw data for fpand Fg
m, samples are generated according a gaussian digirifdllowing C. Urbacl;
Pick up valueg,from a gaussian distribution to form, . Apply theGrid search method.

e Combined-concatenated chiral fitshain application of the fits on?y, Fand m, until

convergence is succeeded.

e add (linearly) in the end of the procedure thereof r,/a

: p=0.0040, 0.0040 i:L = SE:J,EI.EIEIE-L ,0.0085 ,0.0100

: @ =0.0030,0.0060,0.0060 (L = 24),0.00&80

J'ﬂfg, 2o Bﬂ Iil'El‘lUl'[I‘la.]]'SEd:I, J'g_-"ig, J'g_-".u, Ta ."ll.["{, Cily G4, R]_ >

\—/

(R;=[r0/a] 54,/ [rO/a] , o5 )

Combined fits for J = 3.50 and 4.05
. Tthach Bootstrap method  Combined-Concatensed

fits
2rg By 10.06{20 10307 24) 10.12(25)
afo D.275(2 0.273(5) D274(4)
rog M 2.01(13) 2.04012) 2.05(18)
Todl3 1.7 3(7) | 98(8) 1 .8/(18)
rodly 3.14(4) 3.13(9) 3.13(7)
ey 1.13(26) 1.05(17 1.04(36)
g4 L.13(1S5) 1.06(15) 1.De(l8)
Ay 0.782(3) (./85(6) 0790 5)

v°/dof 18.5/19 0.30 0.77



Combined Fits forf=3.90and4. 05
+ O(&?) terms

[ Use Eqe4] ]

Combined fits for 3 = 3.90 and 4.05 plus O(a?) terms

C. Urbach Bootstrap method
2r0Bq 10.44(70) 10.80(51)
o fa 0.265(8) 0.264(9)
roMy 1.96(16) 2.05(10)
ol 1.76(7) 2.12(15)
oy 3.06(6) 3.06(11)
oL -1.02(30) -0.98(14))
g4 1.04(24) 0.98(12)
Ry 0.790(3) 0.792(6))
D,, -1(2) -15(1.4)
Dy 0.7(8) 0.6(5)
D, 1(1) 0.1(2)

2 /dof 153 /16 0.94




Combined Fits forp=3.90,4.05and.80
+ O(af) terms

[ Use Eq[#] and the bootstrap method ]

4=3.80: p=0.0040,0.0040 (L = 32),0.0064,0.0085,0.0100
4 =405: u=0.0030,0.0060,0.0060 (L = 24), 0.0080

3 =3.80: p=0.0060,0.0080,0.0110

Combined fits for @ = 3,90, 4.05 and 3.80
plus O(a?) and O(ab...) terms

only O{a#,,.,.) terms O{aba..) with O(a?) fixed without O(a®) and O(af)... )
10.18(39) 10.80(50) 9.50(39)
0.275(8) 0.268(4) 0.273(6)
2.13(18) 2.33(14) 1.74(12)
3.15(11) 3.04(10) 340(8)
_0.14(3) _0.27(6) _
-1.06(30) -0.44(27) —
_024(7) — —
0.4 0.3 1.2




g =3.80

(MZ, in unite of a-lattice spacing)

ap ot a5 o oy
0.0060  3.3x10* G&Ax107 N 62x10~% 2.6x1073
0.0080  3.3x10~* T4x10™ N 45x 10~ 2.0x10°®
0.0110 24x107™* 11x107® ? 34x107* LEx107°
0.0165  3.0x10~* 17x10°3 Y 25 %1074 10x10°3

L X X 2
7 =380
(Fpe inunits of a-lattice spacing)

ap Jf"* Jf“* r::r:flfrrtrf cr;?:* o':g”
0.0060 &0x107% 25x107¢ N 2.7%1070 14x107Y 18x 107t
0.0080  40x10°* 2.8 =10 N L7x107% 11x107% 12x10°3
0.0010  30=x107* 2.8 =10~ ? 0.0x10~% &0x10~t 7ox10°t
0.0165 20% 1074 2.6 % 1074 Y 0.5%x 10 &60x107* 30x10°4

L X X 2
=380
(my inunits of a-lattice spacing)

ap Fe il ortot J;}'# o';?f
0.0060 0.3 x107% 2.1 x10°% Y 22 %x107% 26x10-3
0.0080 8&7x107% 23x10"3 Y 14 %1072 1.9=x10"2
0.0110 0.0x107% 2.3 x10°% Y 0.7%107% 14x1073
0.0165 57x107% 22x10°% Y 0.2x10"% 10=x10"3




A =3.00

(M2, in units of a-lattice spacing)

o o o ot o
0.0040 1.9 x 10~ 2.2 x 10~ Y 0.2x 10~% 3.7x10~%
0.0064 Ldwx 1074 34dx10~4 Y 0.1x 10~ 2.3x10~%
0.0085 LOx 107% 45 =104 Y 0.9 107° 1.7x10"%
0.0100 2.1x% 10~% 54 x10~% Y 0.8 107° 1.5x10°%

0.0040(L=32) 0.6 %107+ 2.2 x107* Y 0.2x107* 3.7x10*
L X X
4 =390
(Fe inunits of a-lattce spacing)

ap -::rj_'*"* Jﬁ'ﬂlﬂ* Ji?d J;?f crgg“*
0.0040 140x 107 12x107t Y 0.1x107™ 25x107% 0.8x 107t
0.0064 40% 107+ 1.4 =104 Y 0.6x 107 LEx10"+ 0.3x 1074
0.0085 2.0 % 10—+ 1.5 x 10~ Y 0.3x 107 12x107* 0.2x10°*
0.0110 2.0 % 10+ 1.6 x 10—+ Y 0.2x 107 1LO0x107* 0.23x10°*

0.0040{L=32) 2.0 % 107+ 1.2 =10~ Y 0.1x10~* 25x107* 0.8x 10°*
L X X
4=23.90
(my in units of a-lattice spacing)

ap op ozt ot ot
0.0040 4931072 0.9 =103 Y B8 107° 4.2 10+
0.00&4 421072 1.2 =103 b 44=10"° 2.8 10+
0.00&5 5.0 10—% 1.3 = 10—% ¥ 2.6 % 107% 2.1 104
0.0100 4.6 1072 1.3 =103 Y 2.0 = 107 1.8 104

0.0040{L=32) 483 107° 0.9 x107° Y 288x107° 42x 107




stat

g =405

(M2, in units of a-lattice spacing)

o P et
ap ! af oay fi'ri-
0.0030 1.2x 10—+ 20x 10+ Y 42%10™% 28=%x104
0.00&0 1.7= 10—+ 40= 10"+ Y 21=x10~% 1.4 104
0.00&0 1.7=x 10~ 54x104 Y 1.6 =10"% 1.0x= 104
L X R
8 =406
(Foe inunits of a-lattice spacing)

ap Ufﬂ'ﬂi‘ ﬂ_érfaf U;‘?d‘ C";?:f J:§B+
0.0030 3.5 %104 1.2 x 10 Y 25 %107% 24x10~% 1.4x 10"
0.0060 10x10™% 1.6 x 10~ Y 08x107% 12x10~% 04dx 10~
0.0080 F.0x10°Y 1.6 x107* Y 0.5%107° 09x107* 0.2x 10

L X R
3 =4.0b
(mpy inunits of a-lattice spacing)
a Eta syst EuEt
|1}'.|I. Jiﬂ t JE++ ﬂ'ﬂf G-;Fsz'ri'

0.0030 84x10~% 9.2=x 104 Y 1.9 %1074 41 =104
0.0060 F&8x10"% 1.3= 104 Y 0.7 %1074 22=x10~%
0.00&80 3.6=10"% 1.3= 104 Y 04 =104 1.1=10~%




Let’s see If the systematic corrections are reabtaa
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Let’s include, besides O@, also O(&) corrections

and implement the combined chiral fits’ method ...
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ro FPG

0.44
0.43
0.42
0.41

04
0.39
0.33
0.37
0.38
0.35
0.34
0.33
0.32
0.31

03
0.29
0.28
0.27
0.28

rOFps VS. hHg

O(ad) and O(8) corrections included i3=3.80 data
O(&) corrections included i3=3.90 and 4.05 data

o PR

L=2.2 fm
I I I T

L ® ﬁ i
L - i
L L ] i
i ® i

||
L * i
I e |
I o |
B * i
_ s _
- p=3.80 ' s
i p=3.90--0( 2) included * |

p=4.05-- Cy ) included

L P=3.80 — data shift estimate wrt Ofa theta) and O(a“) corrections -l
0 0.02 0.04 0.08 0.08 01 0.12 0.14 0.16 0.18 02

0.22



[oMPps VS. Hg
O(ab) and O(8) corrections included i3=3.80 data
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[oMPpsVS. oHg
O(&) corrections included i3=3.80 data

atL=2.2 fm
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