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Gravitational waves

[LIGO Scientific Collaboration and Virgo Collaboration 2016]
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Gravitational waves

[LIGO Scientific Collaboration and Virgo Collaboration 2016]
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Compact binary systems

SlaN4

= Masses comparable: m=m; ~ mp
Generalisation to different masses straightforward

= Nonrelativistic system: v < 1

- 2
= Virial theorem: mv2 ~ Gf’”

Post-Newtonian (PN) expansion:
Combined expansion in v ~ /Gm/r < 1
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Post-Newtonian expansion

Scales

SN

= rs=2GM =| r; ~ n/?
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Post-Newtonian expansion

LN 7

= 10km < A < 10000 km
= 10km < rs < 100 km

~

= Inspiral: 0.1 S v 0.5 100km < r < 1000 km

black holes neutron stars

masses ~10-60mgy ~ 1mg
radiated energy ~ 1-5mg > 0.04 mg,
redshift ~ 0.1-0.5 ~ 0.01

[LIGO Scientific Collaboration and the Virgo Collaboration, 01/02 Catalog, 2018]
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Post-Newtonian expansion
Other approaches
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adapted from [Buonanno, Sathyaprakash arXiv:1410.7832]
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Post-Newtonian expansion

= 1PN (vz): [Lorentz, Droste 1917; Einstein, Infeld, Hoffmann 1938]
= 2PN (v4): [Chandrasekhar, Esposito, Nutku 1969-1970; Okamura, Ohta, Kimura, Hiida
1973-1974]

= 25PN (V5): [Damour, Deruelle 1981-1983]
L 3PN (V6): [Damour, Jaranowski, Schifer, 1997-2001; Andrade, Blanchet, lyer, Faye 2000-2002]
= 35PN (V7): [Iyer, Will 1093-1995]
= 4PN (v8):

= ADM Hamiltonian formalism [pamour, Jaranowski, Schifer 2014-2016]

= Fokker Lagrangian in harmonic coordinates

[Bernard, Blanchet, Bohé, Faye, Marchant, Marsat 2017]

= Non-relativistic effective field theory
[Foffa, Mastrolia, Sturani, Sturm 2017-2019]

= Many more contributions, e.g. spin effects, radiation

Method in this talk:
non-relativistic eﬂ:ective f|e|d theory [Goldberger, Rothstein 2004]
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General Relativity

= Here: point-like objects
= No spin

= No finite-size effects (neutron stars: 5PN, black holes: 6PN)
= Harmonic gauge fixing: 9,,(v/—gg"* —n*") =0
g = det(g"")

Dimensional regularisation: d =3 — 2¢

Ser = Sgn + ScrF + Spp
d+1
Sen = T6m G/d x /—gR
_ d+1 n
Scr 32 -G dx /=g Tl

I
Spp:me,-/dT,-:me,-/dt 6x 8X

& Th ot
R =g"" R,
M —= gaﬁrﬂaﬂ
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Why can QFT methods be of help here ?

Any dynamical physical theory is based on the Lagrange formalism
and can be derived from the principle of the least action.

Near the non-relativistic limit, Einstein gravity possesses an expansion
in Newton's constant and the velocities of the involved macroscopic
bodies v; < c.

One can consider the associated path integral representation [Feynman &
Hibbs 1965, Zinn-Justin 2002] and derive the perturbative expansions from it.

This will lead to the associated effective field theory representation,
not necessarily built on the (flat space) gravitons.

From order to order (potentially) new interaction vertices will appear.

This systematic approach will, however, perturbatively represent the
full theory.

The key-issue is to reduce to the associated master integrals and to
calculate them.

Current level: 5-loop integrals in d = 3 — 2¢.

12/33



Non-relativistic effective theory

[Goldberger, Rothstein 2004]

Similar to non-relativistic QCD

[Caswell, Lepage 1985; Pineda, Soto 1997; Luke, Manohar, Rothstein 2000; . ..]

Full theory:
General relativity

Ser = SeH + Scr + Spp

potential gravitons:
v 1
k[) ~ 7, k ~ 7

radiation gravitons:

V_' |4
ko~ 7.k~

Effective theory:
NRGR

— 1 2 G
Snrer = [ dtImpv? + Smme 4

classical potentials

radiation gravitons
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Potential matching

Expand Sgr in v ~ /Gm/r < 1, e.g.

ox!' Oxr

Spp = _Zm,-/dt —8uv ot or —Zmi/dt vV —800+0(v;)

Coupling to spatial components of metric suppressed

Temporal Kaluza-Klein decomposition [kol, smolkin 2010): 10 fields.

g =e* 2914 ’
A e “d2 ((5,1 + U,'j) — A,'Aj

v? v v?
qlb A, Tij
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Potential matching

Diagrammatic expansion

Equate amplitude in effective and full theory:

: v 1
All momenta potential, pp ~ ;7 < p; ~ ¢
— expand propagators:

15/33



Potential matching
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Potential matching

= No pure graviton loops (quantum corrections)
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= No single-source corrections
= No source-reducible diagrams (rischler 1977]
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Potential matching

= No pure graviton loops (quantum corrections)

= No single-source corrections
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Absorbed into renormalisation of sources

= No source-reducible diagrams (rischler 1977]
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Potential matching

= No pure graviton loops (quantum corrections)
= No single-source corrections

= No source-reducible diagrams [rischier 1977)
Initially time-ordered diagrams:
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Potential matching

= No pure graviton loops (quantum corrections)
= No single-source corrections

= No source-reducible diagrams (rischler 1977]
Initially time-ordered diagrams:

F—s1 \— l—s1 T T 2
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Potential matching

= No pure graviton loops (quantum corrections)
= No single-source corrections

= No source-reducible diagrams [rischier 1977)
Initially time-ordered diagrams:

F—s1 \— l—s1 I I 2
oy \/ — o — 1 [ — 1 ( I >
L N S I A G
—iV=log| 1+ | +2 ( : ) + = S
_— _— _—
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Effective Field Theory Calculations

Known results

Confirmation of previous results:
= 1PN: [1917 (1938)] [(Goldberger, Rothstein 2004]
= 2PN: [1969/70] (Gimore, Ross 2008]
= 3PN: [1997/2001][Fofra, Sturani 2011]
= 4PN:
= ‘“static” contribution v = 0:

[Foffa, Mastrolia, Sturani, Sturm 2016; Damour, Jaranowski 2017]
=V 7é 0: [2014] [Foffa, Sturani 2019; Foffa, Porto, Rothstein, Sturani 2019]

New:

= 5PN static contribution:

[Foffa, Mastrolia, Sturani, Sturm, Torres Bobadilla 27 Feb 2019; Bliimlein, Maier, Marquard 28 Feb 2019 |
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Effective Field Theory Calculations

QGRAF source irred no source loops no tadpoles sym

N 1 1 1 1 1
1PN 2 2 2 2 1
2PN 19 19 19 15 5
3PN 360 276 258 122 8
4PN 10081 5407 4685 1815 50
5PN 332020 128080 101570 27582 154

# sym = # of identical-value diagrams by symmetry relations.
We do not consider the latter class, i.e. evaluate 27582 diagrams.
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Effective Field Theory Calculations

Static 5PN calculation
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In the static limit there are no contribution form the vector field Ay.
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Effective Field Theory Calculations

Feynman rules
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Effective Field Theory Calculations

Feynman rules

iria

p L

1 M%z _ (V'1'2J1J2 Sk ko 4 V,le,jm klkz)
Prr(mm 32mp)
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Note errors in the last two Feynman rules in [Foffa, Mastrolia, Sturani, Sturm 2016].
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Effective Field Theory Calculations
Diagram families

Massless propagators:

~[d%h d9 N(q,h,..., Is)
Pf(Q) _/7rd/2 >y 51231“.1—5120810




Effective Field Theory Calculations

Apply integration-by-parts relations (crusher): Marquard & Seidel, unpubl],

[Chetyrkin, Tkachov 1981; Laporta 2000]

g
Yok ol >
ra S

V5PN = Co

+ O(e)

Ci, ¢j: Laurent series in € = —, polynomials in my, mp, r=1, G}
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Effective Field Theory Calculations

Master integrals factorise, e.g.

9 d—3
[a
= e’ X
L 2—1
g d—3
_ 2d — 8

| (>
L q?=1 T
@ - / :f’d/lz ((q —1/)2)a (/21)b

_ 1 T(E-alf(5-b)(a+tb-9)
(g2 F(a)r(b)r (d —a—b)

B
:

knOWn from 4PN [Foffa, Mastrolia, Sturani, Sturm 2016; Damour, Jaranowski 2017] UP
to the power in € presently needed.
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Effective Field Theory Calculations
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The Static Potential

G
V,\"? = 77m1m2
S G2
VIPN = ﬁmlmz(ml + m2)
s G L 5>, 5
Vipn = —lemz E(m1 + m5) + 3mymy
s G* 3, 3 3
Vipn = — mme 3 (ml + m2) + 6mymy(my + my)
G® 3 31 141
Vi =~ mum; [8 (i m8) + S s (4 m3) + 4m§mg]
GO 5 91 653
Vibn = —g mLme lm(m‘;’ +m3) + gmlmz(mf +m3) + 7'”%"75(’”1 + my)

All ¢-values cancel. This is not the case for velocity corrections.
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Effective Field Theory Calculations

Factorisation of 5PN static potential [Foffa, Mastrolia, Sturani, Sturm, Torres Bobadilla 2019]

Factorisation at only odd PN orders, e.g.

Similar: V(5 from diagrams with 1-4 loops
The static potential at odd loop number can be obtained from

known lower order terms.

This does not apply to the velocity, acceleration etc. terms, however.
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Effective Field Theory Calculations

Full corrections include velocities and higher time derivatives:

G3 1
Lopn = + r—3m1m2 {2(m% + m%) + 3m1m2]
15, i N
+ Gmymyr [8ala2 - §(alr)(32 )]
+ (terms depending on vi, v3)

Can be eliminated using
= Total time derivatives 6L o< & F(F, Vi, V)
= Equations of motion 0L o (31 + %F’) (52 - %F)
G3 1 5
Lopn = — ﬁm1m2 |:4(m% + m%) + 4m1m2]

+ (terms depending on vi, v3)
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Conclusions and Outlook

The inspiral phase of compact binary systems is well described
by Post-Newtonian (PN) expansion v ~ \/Gm/r < 1.
Effective field theory and calculational methods from particle
physics are very effective for high PN orders.

The static gravitational potential is now known at five loops.
Higher order corrections extend the area perturbatively
accessible towards the region where presently only pure
numerical methods are applied.

The next important corrections are the finite velocity terms to
the same order.

Fully resummed velocity expressions would be welcome to have:

Post-Minkowskian approach.

Upcoming KMPB Conference:

“From Classical Gravity to Quantum Amplitudes and Back”,
Berlin, Nov. 17-20 2019 [org. J. Bliimlein and Th. Damour];
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