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Why Why Def tool

An Introduction?

» there are about 1.5m of proceedings of annual lattice conferences
since '85(?)

» there are > 4 text-books
» so what can | say?
if it is not what you need, please ask ...

. or open the Monvay/Miinster
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Why Why Def tool

Why do we work on lattice QCD

it provides
» a rigorous definition of QCD

» a computational tool for QCD in the non-perturbative regime
— numbers for phenomenology

> the connection between perturbative and non-perturbative
phenomena
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Why Why Def tool

A rigorous definition of QCD

Wilson regularization

P strict positivity [Lﬂscher‘Creutz]
renormalizability (= contin. limit) shown to all order of PT [Reisz ]
all (flavor) vector symmetries
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A rigorous definition of QCD

Wilson regularization

P strict positivity [Lﬂscher‘Creutz]
renormalizability (= contin. limit) shown to all order of PT [Reisz ]
all (flavor) vector symmetries

» axial symmetries have to be restored by proper renormalization  [Bochicchio et al. |
(as in dim regularization)
Ginsparg Wilson regularization
P exact chiral symmetry in the regularized theory
(no questions about ~s)

» can prove
— existence of topological suszeptibility [Giusti,Rossi, Testa; Liischer |
— Witten-Veneziano formula
— index theorem
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Why Why Def tool

A rigorous definition of QCD

Wilson regularization

>

>

strict positivity [Lﬂscher‘Creutz]
renormalizability (= contin. limit) shown to all order of PT [Reisz ]
all (flavor) vector symmetries

axial symmetries have to be restored by proper renormalization  [Bochicchio et al. ]
(as in dim regularization)

Ginsparg Wilson regularization

>

>

exact chiral symmetry in the regularized theory
(no questions about ~s)

can prove
— existence of topological suszeptibility [Giusti,Rossi, Testa; Liischer |
— Witten-Veneziano formula

— index theorem

Conceptually clean framework if there ever is a doubt about an n-loop
computation
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Why Why Def tool

A computational tool from “first principles”

» first principles
1 - N
Lqcp = —? tr {FuFu} + Z Ve{D + mg}i)r
0 f

Experiment QCD parameters (RGI)
Predictions

Fr R /\QCD /_EH
™ M= (My + My)/2

" Lqcp(go, mr) ( . a)/ Fs
mg o : . e
mp Mc

mp Mb
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What does EQCDE:‘ mr) mean?
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What does Lqcp(go, mr)
—

Discretization of Lqcp
with

» gauge invariance
> locality
> unitarity
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What does EQCD(:g:’ mr) mean?

Discretization of Lqcp
with

» gauge invariance =

» locality

> unitarity
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Why Why Def tool

What does EQCD(:g:’ mr) mean?

Discretization of Lqcp
with

» gauge invariance =

» locality

> unitarity

renormalization | continuum
limit
low energy matrix elements

1
20 (St
computer time
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Basics Summ  Reg Ren Cont

Basic steps of a computation

this was a bit simplified ... we need the basic steps

» Formulate the problem in the Euclidean
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this was a bit simplified ... we need the basic steps
» Formulate the problem in the Euclidean
» Discretize = Regularize and simulate

» Renormalize

Rainer Sommer Introduction to QCD on the lattice



Basics Summ  Reg Ren Cont

Basic steps of a computation

this was a bit simplified ... we need the basic steps
» Formulate the problem in the Euclidean
» Discretize = Regularize and simulate
» Renormalize

» Continumm limit (remove the Regularization)
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Basics Summ Reg Ren Cont

Formulation

» Easy (for the formulation!) case:

Spectrum and simple matrix elements
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Formulation

» Easy (for the formulation!) case:

Spectrum and simple matrix elements
an example: flavour currents:

AT = P iyusy ipuFx = (K(p)|Ay*(0)[0)
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Formulation
.- .
» Easy (for the formulation!) case: AOO A,
Spectrum and simple matrix elements
an example: flavour currents: — time
Al = bimrsd ipuFi = (K(p)|AL*(0)[0)
23 [ ExApe AN O) = ~bicmee

+O(e(memm)x0y 4 O(e~tmr)
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Formulation
.- .
» Easy (for the formulation!) case: AOO A,
Spectrum and simple matrix elements
an example: flavour currents: — time
Al = bimrsd ipuFi = (K(p)|AL*(0)[0)
23 [ ExApe AN O) = ~bicmee

+O(ef(m£<me)xo) + O(efLm,r)

another example As=2
WX
0

J Exd®y (A3 (x) Oas=2(0)A5"(¥))

Bx (A (x) Ag'(0)) Fic
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Basics Summ Reg Ren Cont

Formulation

> easy case: Equilibrium thermodynamics
finite temperature
Euclidean Lo x L3 spacetime,

Y(x+Lod) = —p(x),  PY(x+L0) = ~(x)
AZ(x+LOO) = +AZ(X)
then path integral = Tre™ o = Tpe=H/T

Lo =1/T, T = Temperature
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Formulation

> easy case: Equilibrium thermodynamics
finite temperature
Euclidean Lo x L3 spacetime,

Y(x+Lod) = —p(x),  PY(x+L0) = ~(x)
AZ(x+LOO) = +AZ(X)
then path integral = Tre™ o = Tpe=H/T

Lo =1/T, T = Temperature
and finite chemical potential /14

Lacp — Lacp + g Py
Q Q q
number density
path integral = Tre~(H-#aNa)/T

— thermodynamic properties, eg. EOS talk by S. Katz
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Formulation

» Difficult case: particle decays, scattering
relation phase shifts < spectrum in a finite L* box
[Lﬂscher‘ Liischer&Wolff; ... ]
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Formulation

» Difficult case: particle decays, scattering
relation phase shifts < spectrum in a finite L* box
[Lﬂscher‘ Liischer&Wolff; ... ]

» Difficult case: Matrix elements with more than one hadrons in
initial /final state
NOZO [Maiani & Testa |
g0 [Lellouche & Liischer | Matrix elements in a finite L3 box
talks by Giusti, Lubicz
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Basics Summ Reg Ren Cont

Formulation

» Difficult case: particle decays, scattering
relation phase shifts < spectrum in a finite L* box
[Lﬂscher‘ Liischer&Wolff; ... ]

» Difficult case: Matrix elements with more than one hadrons in
initial /final state
NOZO [Maiani & Testa |
g0 [Lellouche & Liischer | Matrix elements in a finite L3 box
talks by Giusti, Lubicz

» Impossible (?7) cases
HH —5H
The mass of a di-quark
The gluon condensate
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Basics Summ Reg Ren Cont

Discretize and “simulate”
lattice:  xy, = anyu, ny €Z U(x,0)
quarks:  %)(x) on lattice points |
gluons:  U(x, ) = Pexp {ajbl dtAu(x + a(l — t)ﬁ,)}

€ SU(3) on links
Euclidean action: S = Sg + Sg

So = 53w {l-Up)}
& 5

Xo

Se = &S (D) + mpu(x)

D(U) : discretized Dirac operator
Observables:

(©) = % [vEp@pY 0
zZ : (=1

Can be interpreted as a statistical system in 3 + 1 = 4 dimensions.
(S — H/(kT), 1/(kT) e 1/g3)

First principles evaluation of (O) by MC method

statistical errors o< 1/y/computer time.
Rainer Sommer Introduction to QCD on the lattice



Basics Summ Reg Ren Cont

Renormalization and continuum limit: remove the
regularization

For simplicity discussion for Ny = 2 mass-degenerate quarks

» In QCD: critical line with (almost) massless quarks, =mo
massless 7's;

02
“~._ physical

Continuum limit: (ampadron — 0) at go — 0 L her

critcal line

Along RGT = fixed physical quark mass:

0 g 1

| —1/(2bogg 2y —by /2b3 2
a Mpadron ~ C hadron € / Ogo)(2b0g0) v/ 0 X [1 + O(go )]
———
badly convergent

bo

(11 — 2Np)/(4r)?
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Basics Summ Reg Ren Cont

» More precisely am,
fix m2/m2 .., = 137/938 < experiment o

fix Mpucleon = 938 MeV «— experiment

a Myucleon physical RGT

= a=———— «— “setting the scale” S -
938 MeV

critcal line

0 exp(—1/2b,g?)
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» More precisely am,
fix m2/m2 .., = 137/938 < experiment o

fix Mpucleon = 938 MeV «— experiment

physical RGT

a Mpyye
= a= 2 Tnucleon «— “setting the scale” S -
938 MeV
critcal line
0 exp(-1/2b,g2)
other hadron masses and e.g. Fr are predictions up to O(a) or O(a?) errors
bare parameters — renormalized ones — hadronlcll ) )
8o, Mo My, Mpucleon renormalization scheme
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» More precisely am,
fix m2/m2 .., = 137/938 < experiment o

fix Mpucleon = 938 MeV «— experiment

physical RGT

a Mpyye
= a= 2 Tnucleon «— “setting the scale” S -
938 MeV
critcal line
0 exp(-1/2b,g2)
other hadron masses and e.g. Fr are predictions up to O(a) or O(a?) errors
bare parameters — renormalized ones — hadronlcll ) )
8o, Mo My, Mpucleon renormalization scheme

» Equivalently:

ix m2 /m?2
fix 7\'/ nucleon’then
Mhad Mhad
adron adron x [1+O(a”)]
Mhucleon |lattice Mnucleon QCD
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» More precisely am,
fix m2/m2 .., = 137/938 < experiment o

fix Mpucleon = 938 MeV «— experiment

physical RGT

a Mpyye
= a= 2 Tnucleon «— “setting the scale” S -
938 MeV
critcal line
0 exp(-1/2b,g2)
other hadron masses and e.g. Fr are predictions up to O(a) or O(a?) errors
bare parameters — renormalized ones — hadronlcll ) )
8o, Mo My, Mpucleon renormalization scheme

» Equivalently:

ix m2 /m?2
fix 7\'/ nucleon’then
Mhad Mhad
adron adron x [1+O(a”)]
Mhucleon |lattice Mnucleon QCD

» often: “know” that one is close to the continuum limit
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Basics Summ Reg Ren Cont

» often: “know” that one is close to the continuum limit

» better: see 0.44 — I ‘

ro (M),
©
~
{ T
——i
ot
[

036 ‘ 1 1 ‘ 1 1 ‘ 1 1
0 0.01 0.02 0.03 0.04

(a/To)?

expl. from [Garden et al. 1999 | quenched
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Basics

Continuum limit continued

> beware 1/m0
of phase transitions

example from
tmQCD

[Sharpe et al; Miinster;
Scorzato |

[Farchioni et al., xLF Coll. ]

Rainer Sommer

Summ Reg Ren Cont

Introduction to QCD on the lattice

cont.
limit
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The challenges for lattice QCD as a computational tool

large L, small a, Mguark Of different scales

» numerical cost of a computation
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» numerical cost of a computation

» renormalization and mixing
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large L, small a, Mguark Of different scales

» numerical cost of a computation
» renormalization and mixing

> heavy quarks — Lubicz
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large L, small a, Mguark Of different scales

» numerical cost of a computation

» renormalization and mixing

» heavy quarks — Lubicz
furthermore:
» short physical distances to connect to PT — Knechtli
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The challenges for lattice QCD as a computational tool

large L, small a, Mguark Of different scales

» numerical cost of a computation

» renormalization and mixing

» heavy quarks — Lubicz
furthermore:
» short physical distances to connect to PT — Knechtli

» complex actions (finite yq) very difficult for MC-technique — Katz
(S (U) is not real for finite yq)

Rainer Sommer Introduction to QCD on the lattice



Chall Summ hmc c&b c&b Ren pow corr

The work horse of LQCD the HMC [Duane, Kennedy, Pendleton, Roweth]

(0@) = 1 A 0e=5®) & = {U(x, p), $(x), B(x)}

2=

O(®;) for P(®) xe 5®) >0
i=1

local bosonic actions: ®; with Metropolis, heatbath, OR algo's: fast
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The work horse of LQCD the HMC [Duane, Kennedy, Pendleton, Roweth]

(0@) = 1 A 0e=5®) & = {U(x, p), $(x), B(x)}

|
2=

O(®;) for P(®) xe 5®) >0
i=1

local bosonic actions: ®; with Metropolis, heatbath, OR algo's: fast

QCD: integrate out fermions (Grassmann)

(o) = %/U[O(U)]F exp(=Sa (V) + Ni Tr In(D(U) + mo))

non—local
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The work horse of LQCD the HMC [Duane, Kennedy, Pendleton, Roweth]

(0@) = 1 A 0e=5®) & = {U(x, p), $(x), B(x)}

ST 0(®;) for P(®)xe 5®) >0
i=1

2=

local bosonic actions: ®; with Metropolis, heatbath, OR algo's: fast

QCD: integrate out fermions (Grassmann)

(o) = %/U[O(U)]F exp(=Sa (V) + Ni Tr In(D(U) + mo))

non—local

rewrite with bosonic field ¢

(o(U)) 1 /U [O(U)] exp(—Sa(U) — % 61 [(D(U) + mo) (D(U) + mo)] ' 6)

P

1 —SpF
3 10w

s P

Rainer Sommer Introduction to QCD on the lattice



Chall Summ hmc c&b c&b Ren pow corr

introduce a (classical) hamiltonian with U as coordinates and Spp as potential and
conjugate variables to U (momenta p)

H— Z 1p%(x, 1) + Spr(U, ¢)

Xyt
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introduce a (classical) hamiltonian with U as coordinates and Spp as potential and
conjugate variables to U (momenta p)

H— Z 1p%(x, 1) + Spr(U, ¢)

X1
algorithm
> U
12
» p, ¢ with P(¢) x e—5pr(U.9) P(p) x e 2°

» Hamiltonian evolution

(of course discretised du dH
with step-size 6t) a dp =P
dp - —dH . —dSpF
dt ~  du ~  du
» U’; metropolis accept/reject (corrects step size errors)
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introduce a (classical) hamiltonian with U as coordinates and Spp as potential and
conjugate variables to U (momenta p)

H— Z 1p%(x, 1) + Spr(U, ¢)

Xyt

algorithm
> U
12
» p, ¢ with P(¢) x e—5pr(U.9) P(p) x e 2°

» Hamiltonian evolution

(of course discretised du dH
with step-size 6t) a dp =P
dp - —dH . —dSpF
dt ~  du ~  du
» U’; metropolis accept/reject (corrects step size errors)

— P(U) o e~ (V)

Rainer Sommer Introduction to QCD on the lattice



Chall Summ hmc c&b c&b Ren pow corr

P the expensive step

—dSpr
du

= % GTD(U) + mo)! (D(U) + mo)} T (D(V) + mo) 5)
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Chall Summ hmc c&b c&b Ren pow corr

P the expensive step

—dSpF

EE M GI(D(U) + mo) (D(U) + mo)] ST (D(U) + mo) 1)

1. inversion of operator is expensive ~ V4mq_1
dSpg

2. =BF — large for s.mal.l mg _

— small §t in discretization of evolution
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P the expensive step

—dSpr
du

= % GTD(U) + mo)! (D(U) + mo)} T (D(V) + mo) 5)

1. inversion of operator is expensive ~ V4mq_1
dSpg

2. =BF — large for s.mal.l mg _

— small §t in discretization of evolution

effort oc (0t) ™' o< m ", nZ2

total effort oc V m_ ", n=3
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P the expensive step

—dSpr
du

= % GTD(U) + mo)! (D(U) + mo)} T (D(V) + mo) 5)

1. inversion of operator is expensive ~ V4mq_1

2. dg% — large for small mq

—— small dt in discretization of evolution
effort oc (0t) ™' o< m ", nZ2
total effort oc V m_ ", n=3

(in finite volume, L*, (with Dirichlet B.C.’s) total effort oc (L/a)~(**")  n2>3

independent of mq SF simulations — Knechtli)
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P the expensive step

—dSpr
du

= % GTD(U) + mo)! (D(U) + mo)} T (D(V) + mo) 5)

1. inversion of operator is expensive ~ V4mq_1

2. dg% — large for small mq
— small dt in discretization of evolution

effort oc (0t) ™' o< m ", nZ2
total effort oc V m_ ", n=3

(in finite volume, L*, (with Dirichlet B.C.’s) total effort oc (L/a)~(**")  n2>3
independent of mq SF simulations — Knechtli)

» in general: small quark masses are very difficult to reach
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Chall Summ hmc c&b c&b Ren pow corr

the expensive step

—dSpr
du

dD _
= 5 ¢T(D(U) + mo)(D(U) + mo)]’lw(D(U) +mo)'¢)
1. inversion of operator is expensive ~ V4mq_1
2. dg% — large for small mq
— small §t in discretization of evolution

effort oc (0t) ™' o< m ", nZ2

total effort oc V m_ ", n=3
(in finite volume, L*, (with Dirichlet B.C.’s) total effort oc (L/a)~(**")  n2>3
independent of mq SF simulations — Knechtli)

in general: small quark masses are very difficult to reach

reach up+down quark masses from heavier ones
guided by ChPT — later
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Chall

Summ hmc c&b c&b Ren pow corr

The costs: e.g. for a = 0.08 fm, 1000 configurations U;

(0.05fm a factor ~30)

» Berlin “wall”
Lattice 2001, Berlin

Rainer Sommer
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The costs: e.g. for a = 0.08 fm, 1000 configurations U;

(0.05fm a factor ~30)

» Berlin “wall” — T

Lattice 2001, Berlin Tflops - years this work W
' ref [12]
L staggered ref [13] &

disappeared through

Mass preconditioning
(“Hasenbusch trick”)
[Hasenbusch, Jansen & Hasenbusch; ... ]

multiple time scales .
[Urbach et al., 2005 ] L . ]

0 0.5 1
mps/my
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Chall

Summ hmc c&b c&b

Ren pow corr

The costs: e.g. for a = 0.08 fm, 1000 configurations U;

(0.05fm a factor ~30)

» Berlin “wall”
Lattice 2001, Berlin

disappeared through

Mass preconditioning
(“Hasenbusch trick”)

[Hasenbusch, Jansen & Hasenbusch; ...

multiple time scales
[Urbach et al., 2005 ]

Rainer Sommer

- Tflops - years

1

0 0.5
mps/my

» more radical: domain decomposition [Lischer |
profiting from locality of QCD

Introduction to QCD on the lattice

L
this work

ref [12]

staggered ref [13]

A

— Giusti



Chall Summ hmc c&b c&b Ren pow corr

The quenched approximation

(o)) = %/ [O(U)]r  exp(=Sc(U) + Ni Tr In(D(U) + mo))
U N—— —_—
[D(U)+mp] 1 non—local drop it

N¢ — 0 limit, no sea quarks
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The quenched approximation
o)) = %/ [O(U)lr  exp(—Sc(U) + N¢ Tr In(D(U) + mo))
U ~—— —_—
[D(U)+mg] 1 non—local drop it

N¢ — 0 limit, no sea quarks

— L 1
S " tOeVD e
PN [ — -~z

E_ T*
+
» quenched [ N +4 ]
hadron mass spectrum L [N |
cont. limt K. T~
[cP-PACS 2002 ] P 1
os- KX e
[ x input: Mg, Mo, Moy
—
0
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The quenched approximation

(o)) = %/ [O(U)]r  exp(=Sc(U) + Ni Tr In(D(U) + mo))
U N—— —_—
[D(U)+mp] 1 non—local drop it

N¢ — 0 limit, no sea quarks

N [ ]
S 7 [GeV] e
= = N

15— FE
T Thyr
» quenched [ N T4y, ]
hadron mass spectrum L [N |
cont. limt K. T~
[cP-PACS 2002 ] P 1
os- KX e

input: Mg, Mo, Moy

» Amazing success, but qQCD is not QCD. typically 90+% of the answer
Factor > 100 work for the remaining 10-x% no better way?

Rainer Sommer Introduction to QCD on the lattice



Chall Summ hmc c&b c&b Ren pow corr

Heavy quarks: The particular challenge for B-physics

m(2 GeV)[MeV]
R AP

multiple scale problem z L}

aIWayS dlffICu|t light strange charm beauty

for a numerical treatment - ‘ " ‘ o
10 100 1000 [pev]
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Heavy quarks: The particular challenge for B-physics

m(2 GeV)[MeV]

multiple scale problem T

aIWayS dlffICu|t light strange charm beauty

for a numerical treatment " ‘ " ‘ - :
10 100 1000 M[Me\/]

> Take a large lattice as it is possible in the quenched approximation

=R light quarks are too light
= = — treat by an extrapolation

b-quark is too heavy
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Heavy quarks: The particular challenge for B-physics

m(2 GeV)[MeV]

multiple scale problem T

aIWayS dlffICu|t light strange charm beauty

for a numerical treatment " ‘ " ‘ - :
10 100 1000 M[Me\/]

> Take a large lattice as it is possible in the quenched approximation

=R light quarks are too light
= = — treat by an extrapolation

b-quark is too heavy

» Need an effective theory for the b-quark: HQET, NRQCD

[E Eichten, 1988; E. Eichten & B. Hill 1990; Caswell & Lepage; Lepage & Thacker]
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Continuum extrapolation

5.5 T
> b-quark is charm:  [Sint & Rolf | P
too heavy: 5
3 definitions of P
charm quark mass L oasl

differ by a-effects

charm just doable

aMy, ~ 4aM. ! a possible alternative 8er
(under investiga- [
tion): Symanzik s o
improvement to

all orders in am
[Aoki,Kuramashi ]

~ Fermilab action [EI
Khadra,Kronfeld,Mackenzie

J
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Continuum extrapolation

£ B B L
> b-quark is charm:  [Sint & Rolf | P
too heavy: 5 b
3 definitions of Ee 1
charm quark mass . 45 B
differ by a-effects =
charm just doable ¢ [ ]
aMy, ~ 4aM. ! a possible alternative ~ *°[ g
(under investiga- [ ]
tion): Symanzik s o
improvement to

all orders in am
[Aoki,Kuramashi ]

~ Fermilab action [EI
Khadra,Kronfeld,Mackenzie

J

» for b-quarks a — 0 can't be controlled in this way

iner Sommer
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Renormalization (with mixing)

1. Bare parameters of QCD, go, mo ;
— fundamental parameters, A, My ; ( RGI's).

prediction of A, Mg ; with hadron spectrum as input. — Knechtli

2. Renormalization of composite operators

e.g. (Ko Hweak| Ko)sm - C(1){(Ko|Oas=2(1)|Ko)acp
T
matching
similar

(BIAB"[0) — C(u)(BIAT" ™ ()|0) + O(1/mp), 1=,

» matching usually done in the continuum, dimensional regularization,
MS-renormal. of coupling and masses
still have to renormalize the bare lattice operators and connect to MS

Rainer Sommer Introduction to QCD on the lattice
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Renormalization (with mixing)

3. Weak currents
(AR)H = ZA(gO)AM
» special case of composite operators: renormalization is scale
independent
» can be fixed by x WI's [Bochicchio et al. |
» Zx = 1if the action has exact (lattice) y symmetry
4. Coefficients in effective (lattice) actions
» e.g. lattice HQET

5. Others, in particular hard problems like

Or = Z(n) {O + Cl(ago)ol + 62550)02 + C3£§0)(93}

» e.g. Al =1/2 problem

Rainer Sommer Introduction to QCD on the lattice
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Renormalization (with mixing)

1.A Take a physical observable, expandable in renormalized perturbation theory, e.g.

41

Fn = 3o {owst) +alogg@P+..}, w=1r
41
= 32 ougq () physical coupling
compute the physical coupling for large p; — A
in practice: the Schrodinger functional — Knechtli

1.B Use bare (UV) quantity, expandable in bare (lattice) perturbation theory

e.g. P = %(tr U(p)) oan = —ﬁ In( \P/ )
from MC!

then agps(s0a™t) = ag +0.614a2, + O(ag) + O(a)

or (see later) ay

Rainer Sommer Introduction to QCD on the lattice
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properties
A) “physical” observable
+ only continuum PT
+ separates continuum limit (2"”) and renormalization effects (a™)

— needs “window"

LT« A< pxal

+ modification L=! = 1 (use the finite volume); then L > a is
sufficient;
large 1 by recursion g — 2pg — ... — 2"ug

B) UV (cutoff) quantity
+ easy, quick (all you need is a hadron mass)

— mixing of discretization errors (a") and renormalization effects (a™):
-1
ays(soa™™)

— difficult (for Nf > 0 impossible) to reach high u

Rainer Sommer Introduction to QCD on the lattice
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2. Renormalization of composite operators
Example
O(x) = Opg=2(x) = E(X)'yf;d(x) §(x)'yﬁ‘d(x)

assume exact x symmetry — Og(x) = Zo (u)O(x)
a possible renormalization condition, intermediate scheme

(P(x) = d(x)y55(x), P*(x) = 5(x)75d(x))

(PR()OR(0)PR(x)) = Z3(1)Zo(n)(P(x1))O(0)P(x2))  eg x1=—x
= <P(X1)O(0)P(X2)>tree level Xl2 = X22 = 1“‘_2 = X2
(PROIPE(0) = ZR(W)(P(x)P(0)) = (P(x)P(0))tree level

* gauge invariant

* for large pu connected to other schemes

Or(p) = Ogrs(p) X [1+ croggs + -+ ]

* problems of such a ren. cond.
— signals in MC
—need PT (c1...)
— need window: L' K A< p < at

— not practical

Rainer Sommer Introduction to QCD on the lattice
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Renormalization (with mixing)

alternative 1:

*

*

*

fix gauge

P(x) = d(x)vss(x) — d(y1)s(y2) “quark states”

go to momentum space — MOM-scheme (“RI-MOM")
on-shell improvement does not work

off-shell improvement with non-gaugeinvariant terms

rather simple, “universal”

Rainer Sommer Introduction to QCD on the lattice
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Renormalization (with mixing)

alternative 1:
* fix gauge
* P(x) = d(x)vss(x) — d(y1)s(y2) “quark states”
* go to momentum space — MOM-scheme (“RI-MOM")
— on-shell improvement does not work
— off-shell improvement with non-gaugeinvariant terms
+ rather simple, “universal”
alternative 2:

* renormalization in finite volume, in particular in the SF
L > a is sufficient;
large p by recursion

+ in the SF: use boundary quark fields instead of P(x)
+ gauge invariant
+ on-shell improvement does work

— need to do PT ourselves (usually 1-loop, sometimes 2)

Rainer Sommer Introduction to QCD on the lattice
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4. Coefficients in effective (lattice) actions

Coefficients in effective (lattice) actions e.g. lattice HQET

SQCD(---aM) — SHQET('"7CO"B(gO)7C|23(gO)"")
T

matching
Matching, in principle (M = my):

Oqcp(---,M) = Ouqer(...,c 8(8), B(&);---)
+O((%B)", (#)M + O(a™)

This may be done non-perturbatively [Heitger. 5. ]
(again using a finite volume for the matching step)

Rainer Sommer Introduction to QCD on the lattice
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Mixing of operators of different dimension

appears e.g. in effective theories such as HQET

d
Or = Z(11) {o + C(f‘))ol + (j’)og}
perturbation theory is not enough for c, d:
PT: c=cigt+ cgy + ...+ cogl" (take d = 0)

» perturbative uncertainty in Og:
2n+2 1

~ n+1 — 0
a {2byIn(1/aN)}""" a

Rainer Sommer Introduction to QCD on the lattice
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Mixing of operators of different dimension

appears e.g. in effective theories such as HQET

d
Or = Z(11) {o + C(f‘))ol + (j’)og}
perturbation theory is not enough for c, d:
PT: c=cigt+ cgy + ...+ cogl" (take d = 0)

» perturbative uncertainty in Og:
2n+2 1

~ n+1 — 0
a {2byIn(1/aN)}""" a

no continuum limit

» it is a more general QCD problem: clean computation of
power corrections needs full non-perturbative treatment of the
leading term

Rainer Sommer Introduction to QCD on the lattice
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And it is possible: e.g. 1/m corrections in HQET

it is possible with full non-perturbative renormalization

| Lattice with am, < 1 |

mp = 5.4 GeV ®1(Ly, M), ®z(L1, M)
l L, =214 l
O (1), ofOFT(1;) Tl glaET(p,) gliant(y)

017 (un). o5 (1)

[ Arpas - Heitger & S; Heitger & Wennekers; Heitger, Jiittner,S & Wennekers ]
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And it is possible: e.g. 1/m corrections in HQET

it is possible with full non-perturbative renormalization

| Lattice with am, < 1 |

mp = 5.4 GeV ®1(Ly, M), ®z(L1, M)
l L, =214 l
O (1), ofOFT(1;) Tl glaET(p,) gliant(y)

o™ (ur), o5™ (ur)
[ ALHA . Heitger & S; Heitger & Wennekers; Heitger, Jiittner,S & Wennekers ]
very recent (quenched!): my, MS-scheme, cont.lim.
mi¥(my) = 4350(64) MeV  — £O(A?/my)
mi(my) + mi(my) = 4301(70)MeV  «— +O(A3/m?)

[ Arpia Della Morte, Garron, Papinutto, S. ]

Rainer Sommer Introduction to QCD on the lattice
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Effective field theories for (lattice) QCD

low energy, small momentum expansions

|p.| < M derivative expansions e.g.
Luqer = ¥4 Dothn + 7=ty Di Dty
> M=m, HQET
> M=a1 Symanzik effective theory
» M = T = Temperature dimensional reduction

> M =47nF; and B X Mguark = O(|pu|?), B = —(Yy))/ F2 ChPT

renormalizable order by order in the expansion — will yield
( finite number of counterterms) the asymptotic expansion in |p,|/M

very useful (even necessary?)
new developments: combination of ChPT and Symanzik effective theory:
WChPT, SChPT

Rainer Sommer Introduction to QCD on the lattice
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Symanzik effective theory

At energies, momenta far below the cutoff 1/a, lattice QCD is equivalent to a
continuum theory with effective action (on shell)

St = Sqcp+aSi+a’S+...
ST = /d4x c(go) ¥ 0w Fuup + less relevant
S = /d“x c'(go) tr DpFuuDpFpy + ...

= O(a) cutoff effects in on-shell matrix elements can be canceled by adding
5 i A 2
a Z lecsw/‘ljo—pu":pl/w’ Gw =1+ O(g() )7
X

to the lattice action [Symanzik, Liischer & Weisz, Sheikholeslami & Wohlert,...,

Rainer Sommer Introduction to QCD on the lattice
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Symanzik effective theory

At energies, momenta far below the cutoff 1/a, lattice QCD is equivalent to a
continuum theory with effective action (on shell)

St = Sqcp+aSi+a’S+...
ST = /d4x c(go) ¥ 0w Fuup + less relevant
S = /d“x c'(go) tr DpFuuDpFpy + ...

= O(a) cutoff effects in on-shell matrix elements can be canceled by adding
5 i A 2
a Z lecsw/‘ljo—pu":pl/w’ Gw =1+ O(g() )7
X

to the lattice action [Symanzik, Liischer & Weisz, Sheikholeslami & Wohlert,..., P& |

» o Fuut is not chirally symmetric (so is the Wilson action)
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Symanzik effective theory

At energies, momenta far below the cutoff 1/a, lattice QCD is equivalent to a
continuum theory with effective action (on shell)

St = Sqcp+aSi+a’S+...
ST = /d4x c(go) ¥ 0w Fuup + less relevant
S = /d“x c'(go) tr DpFuuDpFpy + ...

= O(a) cutoff effects in on-shell matrix elements can be canceled by adding
5 i A 2
a Z ﬁCsw/l/JUWFWU% Gw =1+ O(g() )7
X

to the lattice action [Symanzik, Liischer & Weisz, Sheikholeslami & Wohlert,..., P& |
» o Fuut is not chirally symmetric (so is the Wilson action)

» other actions exist, which have enough chiral symmetry to enforce c(go) =0
“automatic O(a) improvement”

Rainer Sommer Introduction to QCD on the lattice
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The Zoo of fermion actions

» Wilson: SU;(Ng) x SUR(Ng) x Uy (1) broken — SUy (Ng) x Uy (1)
O(a)-effects
x symmetry only in the continuum limit keep mg > O(aA?)
mixing of operators of different dimension and of different chirality
» O(a)-improved Wilson: the same but O(a?) effects —
[Sheikholeslami & Wohlert; ...; AHA ]
» tmQCD: mass term (per doublet) myys73e) [Frezzotti, Grassi, Sint & Weisz |
simplified O(a) improvement
solves many mixing problems

breaks parity to Pg breaks flavor symmetry
at maximum twist: automatic O(a) improvement:  [Frezzotti & G.C.Rossi |
» Domain Wall fermions [Kaplan; Furman & Shamir]
good x symmetry expensive (factor ~ 20)
» classically perfect [Hasenfratz & Niedermayer ]
good x symmetry expensive (factor ~ 10 — 50)
small a-effects —
> Ginsparg-Wilson type [Laliena, Hasenfratz, Niedermayer; Neuberger]
exact x symmetry [Lischer | very expensive (factor ~ 10 — 100)

automatic O(a) improvement
» staggered [Kogut&Susskind | 4 tastes, but often reduced to 1 by “4-th root trick”
(vector) flavor symmetry broken (pions with different masses)
» highly improved; FLIC, ...

Rainer Sommer Introduction to QCD on the lattice
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Chiral perturbation theory including a-effects

low energy effective Lagrangian for QCD: x Lagrangian
[Weinberg; Gasser & Leutwyler ]

L = Lo+Ls+...
L, = %2 Tr (auzTaﬂz) + F; Tr (XTz + XZT)
L4 = ... 4+L4Tr (aHzTaMz) Tr (ZTX+XT2)

+Ls Tr [auzfa“z (ZTX + X*z)]
+Le [ Tr ():TX + XT):)]2 + Ly [ Tr (ZTX - XT):>]2
+Lg Tt (XTZXTZ + xZTxZT) 4.4 Lo Trxext

with

M

i2T.
diag(mu, mg, ms) Zzexp(’ Faﬂa) X =2MB

and a — terms: avouFuy — Tr <8NZT8”Z) Tr ():Tp + pTZ) + ...
p=acp(go)l

[Sharpe & Singleton 1998; Sharpe & Shoresh 2002; Rupak & Shoresh 2002 ]

Rainer Sommer Introduction to QCD on the lattice
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and a—terms: a0y, FuY — tr (0,ZT04E) tr (Zp+p'E) +...
p=acy(g)l

Predicts, for mg < Agep, a < 1/Agcp, e.g. (quarks degenerate)

2
m _ _ -
T 1H . st a 4@+ W p+ O, up, )
T L; L; Wi
prediction low energy constants: from fits

m= qua ﬁ = an(go)
when mg, a are small enough:

mq — My,Mq,

functional form is known

for extrapolations a — 0

There are of course extensions to O(a®)  very active right now.

Rainer Sommer Introduction to QCD on the lattice



A recent revolution?

» some transparencies taken from C. Davies
HEP2005 International Europhysics Conference on High Energy Physics

Rainer Sommer Introduction to QCD on the lattice



A recent revolution?

>

Take-home message

o There has been a revolution in lattice QCD
since 2003

® Quenched approximation (ignores sea
quarks) is dead - stop quoting results from it

e Lattice QCD now delivering fully
unquenched results: hadron masses that
agree with expt; precise parameters of QCD;
matrix elements relevant to CKM physics.

Rainer Sommer Introduction to QCD on the lattice



A recent revolution?

> Improved staggered quarks do not solve doubling problem

4 ‘tastes’ of quark instead of 1 - if all same, ‘divide by 4’ :
det(M) — det"* (M) ww—wm —> | W=
“Taste-changing’ interactions mess this up, but vanish as ¢

NEW theoretical work encouraging, e.g. eigenvalues (M )
divides into quartets, Index Theorem obeyed etc.

Improved Glue (a ~0.077 fm, V - 20%

CHRALTY FATsa = EIGENVALUES
g oo
08 fu ORELINK o
o o6
oos .
o4 o0
. a 008 " -
02 o 2
oo
° 3
2 4+ & 8 1 1z u . T 4« s s 0 2z wu

Follana et al; Durr et al; Adams; Peardon et al; Shamir
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A recent revolution?

> Improved staggered quarks do not solve doubling problem

4 ‘tastes’ of quark instead of 1 - if all same, ‘divide by 4’ :
det(M) — det"* (M) ww—wm —> | W=
“Taste-changing’ interactions mess this up, but vanish as ¢

NEW theoretical work encouraging, e.g. eigenvalues (M )
divides into quartets, Index Theorem obeyed etc.

Improved Glue (a ~0.077 fm, V - 20%

GHIRALITY FAThASD ® EIGENVALUES
‘ASaTRD 008
08t OREINK poed
o 006
005 x
04 004
PUPNN 3 " ‘
0z 002 ]
oor
o

2+ 6 8 0 1z w1 2 4« & 8 10 2 w1

Follana et al; Durr et al; Adams; Peardon et al; Shamir

» No Lagrangian formulation known for this “fourth root trick”

a discussion in the lattice community:
Q: what are the quark fields?
Q: is there a continuum limt? is it QCD?

A: comparison to experiment Q: a good model?

Rainer Sommer Introduction to QCD on the lattice



A recent revolution?

Update on light decay constants

afil’ T
0.03 0.03
©0.02 ©0.01
©0.01 00,0124
0.007 5 0,0062|
©0.005 00,0031,
—fall, cont.. m,

(f, T1)/V2
T

% extrap; [systematic err
3 experiment (vith V,J=0.9740(s))
0.14 !
0.00 0.05 0.10 0.15
(motmy)ry % (Z,,/Z0°)

Use staggered chiral pert. th. to
extrap. to physical pion mass
(Aubin + Bernard) to take account
of disc. errors. NEW 2005 - configs
with second ms.

(K — pr) =

2 2
Gpmgm,

o,
DRV
Improved chiral

extraps for fr, [k

fx

TE _ 1 200(4)(+7

7. (4)(1Y)
Assuming Via

CKM 2005 world
average: 0.2262(23)

(Blucher)

MILC, Aubin et al, hep-lat/0407028; Heller,
this meeting, Bernard LATO5.

Introduction to QCI
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A recent revolution?

Update on light decay constants

2 2
Gpmgm,

mZ
R(K — ) =~ (1 - ) 22
“ K

Improved chiral
extraps for fr, [k

afr
X X JK
aem IK 00040y
©0.01 00,0124 f o
0.007 - 9,0062] T

©0.005 00,0031,
—fall, cont.. m,

(f, T1)/V2
T

Assuming Via
Vi = 0.2238(°2)
CKM 2005 world

% extrap; [systematic err
3 experiment (vith V,J=0.9740(s))
0.14 !
0.00 0.05 0.10 0.15
(motmy)ry % (Z,,/Z0°)

Use staggered chiral pert. th. to
extrap. to physical pion mass
(Aubin + Bernard) to take account
of disc. errors. NEW 2005 - configs
with second ms.

» fit with 20 free parameters
mf, terms and many terms from StaggeredChPT

average: 0.2262(23)

(Blucher)

MILC, Aubin et al, hep-lat/0407028; Heller,
this meeting, Bernard LATO5.

Introduction to QCI

n the lattice



L Why Basics Chall EFTs Rev_ Future |
Concerning StaggeredChPT

» Necessary because one staggered field describes 4 quarks, but flavor symmetry is
broken
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Concerning StaggeredChPT

» Necessary because one staggered field describes 4 quarks, but flavor symmetry is

broken

r ~ 1/600 MeV
— splittings of
450 MeV

SChPT applicable?
with the quoted preci-
sion?

0.0 0.1 0.2 03
2mgry

FIG. 9: Squared masses of charged pions for various tastes on the coarse lattices, We use ry to set

the scale. Tastes that are degenerate by SO(4) symmetry are fit together

Rainer Sommer Introduction to QCD on the lattice



A recent revolution?

>

Determining Parameters of QCD : a
Combine 3-loop

pert. th. for 28 05
different
quantities (mainly @ oer
Wilson loops) = b
with numerical s

calc. on lattice 02

3 ‘ ) ‘
— » n e ‘ 6 °
Wiar = Q1 a0y (d/a) a/a (Gev)

n=1
Results at 3 values of a allows estimates of 4-loop
terms. d/a is BLM scale - differs for each W, so see

running of o . HPQCD, Mason ct al, hep-lat/0503005
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A recent revolution?

>

Determining Parameters of QCD : a
Combine 3-loop

pert. th. for 28 05
different
quantities (mainly @ oer
Wilson loops) = b
with numerical s
calc. on lattice 02
3 : ‘ ‘ :
— » n e ‘ 6 °
Wiar = Q1 a0y (d/a) a/a (Gev)

n=1
Results at 3 values of a allows estimates of 4-loop
terms. d/a is BLM scale - differs for each W, so see

running of o . HPQCD, Mason ct al, hep-lat/0503005

> log Wip = —5.551ay(3/a) x [1 — 0.86a + 1.72a% —5(2) o —1(2) o* + .. ]
S~ =

T T

a=025...04 fitted
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A recent revolution?

Determining parameters of QCD:  mi,

Quark masses (MeV)

Use pert. th. to convert
2005 lattice QCD —e—1

G —— | lattice bare mass to MS
b

10000

New b/c masses (GeV):
1000 N mb(mb) = 44(3)

mc(m,) = 1.10(13)
HPQCD, Gray et al, hep-1at/0507013,
Nobes et al, LATOS;

N.B. 3-loop nf=2 result mb = 4.21(7) from
10 Direnzo and Scorzato, hep-1at/0408015

100

u Light quark masses now
| : have 2-loop matching!
my=86(5); i, = 1.9(3); 71y = 4.5(4) inMeVat2Gev

HPQCD/MILC, Aubin et al, hep-1at/0405022; HPQCD, Mason, LAT05 updates this with 2-loop results

Introduction to QCD on the lattice




A recent revolution?

| ..
Determining parameters of QCD:  mi,

Quark masses (MeV)

Use pert. th. to convert
2005 lattice QCD —e—1

G —— | lattice bare mass to MS
b

10000

New b/c masses (GeV):
1000 N mb(mb) = 44(3)

mc(m,) = 1.10(13)
HPQCD, Gray et al, hep-1at/0507013,
Nobes et al, LATOS;

N.B. 3-loop nf=2 result mb = 4.21(7) from
10 Direnzo and Scorzato, hep-1at/0408015

100

u Light quark masses now
| : have 2-loop matching!
my=86(5); i, = 1.9(3); 71y = 4.5(4) inMeVat2Gev

HPQCD/MILC, Aubin et al, hep-1at/0405022; HPQCD, Mason, LAT05 updates this with 2-loop results

» what is the influence of the taste violations to these numbers?
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A recent revolution?

| ..
Determining parameters of QCD:  mi,

Quark masses (MeV)

Use pert. th. to convert

2005 lattice QCD —e—

2004 PDG lattice bare mass to MS
10000 b
New b/c masses (GeV):
C
1000 v mb(mb) = 44(3)
m.(m.) = 1.10(13)
e HPQCD, Gray et al, hep-1at/0507013,
Nobes et al, LATO5;
N.B. 3-loop nf=2 result mb = 4.21(7) from
10 Direnzo and Scorzato, hep-lat/0408015

@u Light quark masses now
| have 2-loop matching!

ms = 86(5>’ my, = 19(3), my = 45(4) in MeV at 2 GeV

HPQCD/MILC, Aubin et al, hep-1at/0405022; HPQCD, Mason, LAT05 updates this with 2-loop results

» what is the influence of the taste violations to these numbers?

» there is progress in NP renormalization — Knechtli
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The future
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The future

IS

» already now: large impact of LQCD, in particular on
CKM physics — Lubicz
determination of fundamental parameters — Knechtli
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The future

IS

» already now: large impact of LQCD, in particular on
CKM physics — Lubicz
determination of fundamental parameters — Knechtli

» continuous development of theoretical tools, conceptionally new
ideas
Lattice PT, NP Symanzik improvement, NP renormalization,
physics from finite size effects, exact chiral symmetry, ChPT
including lattice effects ...
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The future

IS

» already now: large impact of LQCD, in particular on
CKM physics — Lubicz
determination of fundamental parameters — Knechtli

» continuous development of theoretical tools, conceptionally new
ideas
Lattice PT, NP Symanzik improvement, NP renormalization,
physics from finite size effects, exact chiral symmetry, ChPT
including lattice effects ...

> progress in algorithms small quark masses — Giusti
— often driven more by intuition than by theoretical understanding
a very complex dynamical system — a challenge
— work is not sufficiently appreciated
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The future

IS

>

already now: large impact of LQCD, in particular on
CKM physics — Lubicz
determination of fundamental parameters — Knechtli

continuous development of theoretical tools, conceptionally new
ideas

Lattice PT, NP Symanzik improvement, NP renormalization,
physics from finite size effects, exact chiral symmetry, ChPT
including lattice effects ...

progress in algorithms small quark masses — Giusti
— often driven more by intuition than by theoretical understanding

a very complex dynamical system — a challenge
— work is not sufficiently appreciated

driven also by advances in computer technology
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The future

IS

>

already now: large impact of LQCD, in particular on
CKM physics — Lubicz
determination of fundamental parameters — Knechtli

continuous development of theoretical tools, conceptionally new
ideas

Lattice PT, NP Symanzik improvement, NP renormalization,
physics from finite size effects, exact chiral symmetry, ChPT
including lattice effects ...

progress in algorithms small quark masses — Giusti
— often driven more by intuition than by theoretical understanding

a very complex dynamical system — a challenge
— work is not sufficiently appreciated

driven also by advances in computer technology

there is lots to do
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