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Procedure to calculate matrix elements in QCD using an iterative
algorithm based on the Dyson-Schwinger equation

Improvement in computational efficiency

Monte Carlo summation instead of summation over all possible
colour and helicity configurations

Some examples and results
Summary and Outlook
In collaboration with C. 6. Papadopoulos
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CICY) Proczss

Given process: uu—uuss4g
With some cuts:

pT:\/pj+pj ARU:JM;Mng n=-Intan(0/2 )

we ask to compute the cross section for a given CMS energy

Steps: s Find the number of Feynman graphs
* Write them down
* Compute them to get the amplitude
® Sum over all color and helicity configurations
® Square the amplitude
® Integrate over the phase space
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Mioze of &edons

P. Draggiotis, R. Kleiss Eur. Phys. J. €23, 701 (2002)

QCD with 1 fermion pairs

N=8 | N=9 N=10 N=11 N=12 N=13

15495| 231280| 4016775| 79603720 1773172275 43864374400

QCD with 3 (identical) fermion pairs

N=8 | N=9 N=10 N=11 N=12 N=13

4362 59424 946050 17258640 35527317d 815129952¢

roughly grows like
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D)vsor=Seningze Sejierions

® Starting point Dyson-Schwinger equations

® (Give recursively n-point Green functions in ferms of 1-,2- ... (n-1)-point
functions

[ de ((I}(?;;j(xn))e S—[dix L

® Quantum equations of motion for Green's functions = DS equations

(0 [To(x,)...0(x)I0 )=

0] |—2—[d*x' L T (). (%10 )= (O [T b(x,)... 16 (x=x,))...b(x,)]0)

6 (x)
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RECUISICHNEE G0N

)

A. Kanaki, C. 6. Papadopoulos Comp. Phys. Commun. 132, 306 (2000)

GIUOHS (diGQPGmmGTiCG||y)3 P. Draggiotis, R. Kleiss, C. 6. Papadopoulos Eur. Phys. J. C24,447 (2002)

cO" Ok A"
F oo P & L~
TOON ) = “TOO> + VOOY. + VTOYO00Y( ) + “TOOK
- %’{I:, - I{-Fj[___J TP e
~( < @
(«._,) 7 -iu} D3 \_) P2

» sub-amplitude with an off-shell gluon of momentum P

2 Contributions from three- and four-vertices
* Fermion-antifermion vertex
*» Blobs denote sub-amplitudes with the same structure
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RECURSIOHNEEUETIGN

® Gluon (equation with suppressing colour):

n

A" (P)=2 5(P—p)A"(p) + ig, D> IT"G(p)y w(p,)o(p,.p,)

i=1 P, +P,

lgs Hy\fOVA
Z Ve (P,p,.p,)A,(p,) A (p,) o (p,.p,)

P+

9% 1467 A, (p) A, (p,)A (p,) o (p,.P,)
Pi TP TPy
with gluon propagator ) ig,
and sign function =72
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HMzeuesion Eeuerrior

® Quark
‘/O’“
P P
4'_0 N * \QQQ
“Or
w(P)=2.5(P—p)w(p) + ig, 2. S A“(p)y,w(p,)o(p,.p,)
i=1 P, +P,
With propagator iP y*
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RECURSIOHNEEUETIGN

® Antiquark

P2

With propagator p?
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RECURSIOHNEGUEIIGN

® Auxiliary field H - reduce computational complexity

_ e i P2
P2 H
O b3 Pa

@ -

® Elimination of the four-vertex and the new H-gluon-gluon vertex
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REGCUESIOHNEGUETIGY

® Recursion equation for gluon is changed (four-vertex part only)
A"(P)=2, 6(P—p)A"(p) + ig, 2. IT}#(p,)y"w(p,)o(p,.p,)
i=1

P;TP;

igS Uy gova
+ — 2 IV (P,p,.p,) A, (p) A, (P, (py.P,)

P, TP,

— 9 Z HZXUMQAV(FH)HAg(pz)U(pwpz)

Pi TP,

* New equations for auxiliary field and H-gluon-gluon vertex

95 UvaAp uvaAp UA _vo VA _lp
H, (P)=— 4_ZX A/\<p1)AQ<p2)U<p1'p2) X =9 9 9 9

[18Y
PP,
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Stilelifig Amolirtelz

® Off-shell fields - building blocks of any process
® Used iteratively, at each step two (three) momenta are combined

® Tnitial conditions for the external particles:

? Gluon: Ag<pi):€‘;(|3i>5aai
* Quarks: W, (p)=u(p;) 0, W, (p,)=U(p;) by
* Antiquarks: &, (p)=U(p) o, 7y (p)=u(p;) 5y
* After n-1 steps: A" (P) A(p)
Ap,.p,.---.p,) = { w(P)w(p,)
@ (p)w(P)
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Sygrzinarie Aorgader

o

Systematic approach to build the amplitude from the initial
momenta (binary representation)

Process with n external particles with momenta p:

Define momentum n
P‘=> mp" m=0,1

Binary vector m=(m_,...,m ) can be uniquely represented by
the integer

m=> 2"'m 0 <m<2"-1
i=1
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Sygrzimarie Agoraeady)

* All momenta replaced by the corresponding integers
J*(P)—J"(m)

n

® Ordering of integers in binary representation by levels Izz m
i=1

* All external momenta are of level 1
* Amplitude corresponds to the unique level n number 2"—1

A= J(1)-J(2"-2)

Ordering dictates path of the computation
- from level-1 to level-2 and so on up to the amplitude
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EXAMPIE a(1)u(2)-d(4)d(8)g(16)

Level Current m
@ (1) (0,0,0,0.1)
p(2) (0,0,0,1,0)
Level 1 w(4) (0,0,1,0,0)
¢ (8) (0,1,0,0,0)
A(16) (1,0,0,0,0)
A(12)=w(8)y(4) (01.1,0,0)
w(18)=A(16)y(2) (1,0,0,1,0)
Level 2: v (20)=A(16)y(4) 10,1,0,0)
g(24)=y(8)A(16) (1,1,0,0,0)
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Level 3: g(14)=A(12)y(2) (0,1,1,1,0)
A(28)=y(8)y(20)+y(24)y(4) (1,1,1,0,0)
w,(30)=A(28)y(2)+A(16)y(14)

: (1,1,11,0)

Level 4: +A(12)(18)

Level 5: A= g(1)y,(30) (11,1,1.1)

n—1

@ Total amount of currents E =2"-2

k=1
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J - ) - ) o * ,
CosT ruUgeriof
® How many operations are needed to compute the n-point amplitude
® Basic steps:
» How many sub-amplitudes at each level k

* How many ways of splitting k to Two numbers of levels k. k,

@ Sum over all levels

k

A(ED>

n—1

O(n)= Y.

k=1

n
k

n
k

(2—2)=3"-3 -2"+3

k=1

> Asymptotically number of operation grows like | 3" |instead of | n!
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Colgue apiel Flzliciry ’

® Sum over colour and helicity configurations

n n n_
o 8°X37X3" colour configurations
o 2°%X21%x2" helicity configurations
n,.n,.N, number of gluons, quarks and antiquarks

® Many colour and helicity configurations lead to zero amplitude

* Any representation can be used as long as we end up

with the correct sums on the average
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Colote Trzeri210]

P. Draggiotis, R. Kleiss, C. 6. Papadopoulos Phys. Lett. B439, 157 (1998)
» Simplification for gluon fields

GAB

8
D t5,6° A,B=123
a=1

* New objects traceless 3x3 matrices in colour space

* Diagonalization of the colour structure of 3-gluon vertex

abc ga 4b 4c '
f TAB TCD TEF_ a Z<5AD 5CF 553_5AF 5c3 5ED)
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Colotie Tezearin20r
@ 3-gluon vertex in new representation

A D B e

> Shows the colour flow in the real physical process
* Gluon represented by qq states in colour space

* Colour remains unchanged on an interrupted colour line
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Colote Trzeri210]

® Quarks and antiquarks already in this representation
® Additionally representation independent identity is used

8
1 1 .
; T = , 5|,5kJ—3—5U5k,) ij,k,1=1,2,3

® Recursion equations modified to reflect the new colour structure

Next step - make the computation of the colour part of
an amplitude more efficient |
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Moz Ceplog TZernieizs

® Produce a cross section with sufficient speed

+ B .
Sum over color 3" —>  Monte Carlo techniques

® Choosing via MC particular colour and anti-colour assignment

for quark, antiquark and gluon ( qq pair)

® Necessary condition for non-vanishing colour assignment

N, TypeI = N, TypeL

i=1,2,3

S(i+j+k=n)

21
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Llzlieiry Tezer2 i

22

® Summation over helicity configurations of the external partons

— MC integration over a phase variable

® Polarization vector for gluons:

c,(p)=e’e’(p.+) +e e (p,—)

® For incoming quarks e.g.:

u,(p)=e’u,(p)+e

_|¢

u (p)

> ¢ - random number ¢<(0,2m)
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F2eml Slgr Funerior)

@

Incorporate Grassman variables for fermions (sign change when 2
identical fermions are interchanged)

Momenta P,—(0001), P,—(0010), P,=P.+P,—(0011)

Sign relative to the permutation of 2 momenta is computed o (P_,P))

Operation on two binary strings representing momenta o(m,|)

)

o(m,D=(-1"(m,I Z

J

® Hat over binary string ——> set O when external particle = boson

ACAT 2005, DESY-Zeuthen 25 May
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P - e e
RESNS

For CMS Vs=14 TeV
Cuts p>60 GeV,0,>30,
Non-running coupling constant equal o unity, parton sf CTEQ6

Preliminary

nl<3

Process Cross section (nb) Error (%)
gg—9gqg 2.37435 4
99—99999 0.14865 5
99—999999 0.106563-10°" 10
uti—gggg 0.526137-10°° 3
ui—ggqgqgg 0.366030-10°° 5
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P - e e
RESNS

® Distributions for particular colour configurations
® Monte Carlo vs sum over all colour configurations

Entries 20
Me 0.1281
RMS 0.1185
—
| P | | | |
0.03 (a2 [opE .2 52

P I . .
E Entries 20
r Mean 0.2570
- RMS §.1135E-01
FEEH
[ =
P
—1 ==
10
=
i
Ferd
-
—Z
10
Y 0 (I O o (N 30| [ (v O 0 (B g | [ (O
0:25 0.26 0.27 0.28 0.23 0.3 0.31 0.32 0.33 0.34
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P - e e
RESNS

26

Preliminary

® Distributions for particular colour configurations

® Monte Carlo vs sum over all colour configurations

Entries 20
Mean 0480901
[ ==X RMS 0.4706E-01
0 FE
o = HE
L L ET—_H:_[ [
b=
10 =
-
==
-3 vz
10+ P
N I N T S T S O R
! 0.02 004 006 ©0OB 0.1 012 D14 016 0.8

Bg case

Entries 20
Mean 0.6804E-01
RMS 0.6536E—-01

]
o

I N T e
0.025 005 0,075 0.1 G125 015 Q175 0.2 Q.225 0.25
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SURITIERY,

Procedure to calculate matrix elements and cross section in QCD using
an iterative algorithm based on the Dyson-Schwinger equation is
presented

Free from the task of computing Feynman graphs for a process

Monte Carlo summation instead of summation over all possible colour
and helicity configurations is used (both cases are included in code)

Based on this algorithm a FORTRAN 95 package has been developed
(massive quarks are included)

At this stage code can compute scattering amplitudes and partonic
cross sections (parton SF are included)
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SUMErRY,

® Good for global quantities like total cross sections and for
transverse momenta or invariant mass distributions

@ Future interests involve

* Improve the efficiency of the MC over colour by using self-adaptive
MC event generator like eg VEGAS or FOAM

* Convolution of this code with fragmentation codes like eg HERWIG
or PYTHIA to perform realistic simulations of multi-jet processes

* Efficient phase-space Monte Carlo generator
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Nererrions Anel Convzirrions

® Light cone representation
VA=(VP+V_ V°=V_V_+iV_,V —iV ) A=1,.., 4
Y X Y
@ Scalar product
V*Z:;—(VI-ZZ+V2oZI—V3-Z4—V4~Z3)
® Polarization vectors

—p, p; (p+ip,)(Bl+p,) (p—ip)(—[pl+p,)

Velpl Vel ”  Velp, T Va2lplp,

p. P (pFip)Bl-p,) (p—ip,)(—Ipl-p,)

V" Vell" Vel T W2kl

A_
€ =

EA_
S
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Neresrions Arel Covzarions

* Dirac matrices in chiral representation

® Wave functions which describe massive spinors

r/c mb/r
u, (p)= a(p,+ip,)/r 0. (p)= m(p,—ip )/r
—mb/r —r/c
_m(Px+ipy)/r' _a<px_ipy)/r.
m(p,—ip,)/r a(p,+ip )/r
_| —mb/r i (p)= —r/c
u(p)=[ .
i —G(Px—ipy)/r' —m(px+|py)/r'
r/c mb/r
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Neresrions Arel Covzarions

—m(p,—ip,)/r
mb/r
—a(p,—ip )/r
r/c

ric
a(p,+ip,)/r
mb/r
m(p,+ip, )/r

a(px+ipy)/r
—r/c

m(p,+ip, )/r
—mb/r

—mb/r
—m(p,—ip, )/r
—r/c
—a(p,—ip )/r

a=p,+lpl, b=p,+lpl, c=2|pl, r=vVabc

31
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Neresrions Anel Corvzerions

@ Spinors for massless particle

VPo TP,

u,(p)= (px+ipy)/ P, 1P,
0
0

0
0

u = .
(p) _(Px_'Py)/ /p0+pz
VPo 1P,

0
0
N po+pz

—(p,—ip, ) /NPy TP,

(P TP, ) /NPy TP,
N po+pz

0
0
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