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D Numerical integration

e Integral evaluation using MC technique
Interprete integral as expectation value

If = [ f(z)dz = vol(B) (f(z))

estimate (f(x)) by averaging over N samples:
(f(z)) = Qnf =1/NY; f(x;)
— use uniformly distributed pseudo-random numbers
to sample f(xz;)

define error: € = |If — Qf]
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D Discrepancy

e measure of roughness
(deviation from desired flat distribution)
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D Discrepancy cont...

e I[N 2 dimensions:

AP(J7N)
N

— vol(J)

e local discrepancy Rn(J) =

Ap(J, N) #pointsind N # points in unit square

(number of points in J proportional to ratio of area of J to unit square)
e (generalised to s dimensions
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D Discrepancy cont...

e Discrepancy of a ensemble P with norm:

Lo : Di(Py) = sup |[Ry(J)|
J(x)els

Ly : D3(Py)= (/18 (RN(J))Q)%

D5 (Pn) > D3(Pn)

*. one corner of J in (0,0) of unit square
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D Koksma-Hlawka inequality

e relates error on numerical integration with discrepancy:

V(f)D5(PN) 2 e=|If —Qf]

e two handles to minimise error &:

minimise variation V' ( f) of function f
variable transformation
importance sampling )

\ \

sample with numbers with
low discrepancy DY _(Ppr)
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D Pseudo-random numbers

e follow deterministric pattern

created by e.g. linear congruence generator
yi+1 = (ay; + c)mod m — z; = y;/m

e statistically independent from each other
simulated “real” random numbers
Beware of period of generator (e.g. Ranlux: 10%6°)

e Discrepancy:

" . loglog N \ 1
D —o ({228 o L)
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D Lattice

e 1d: equidistant points have minimal discrepancy

|--o-e-o-4-0-4-0-0-0-4-0-4--|
0 N =12 1

e first iIdea: extend to s dimensions

— lattice
| ¥
e need N=nd points b e o o
(otherwise no lattice) T s o
e.g. n=4, d=2
— N=16 e
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D Quasi-random numbers

e constructed to be evenly distributed
e not independent from each other

e need to know total number N from beginning
good for integration, not simulation

e low discrepancy series:
D, =0 ((log]]\\;)s_l)

e — faster convergence, smaller error

Dt (Py) — O (4) € <
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D Quasi-random series

e van der Corput series:
n=73,;dbl; n=dy...dod1do
radically inverse function:
wp - No — [0,1) pp : dpy .. .dpdrdg — O.dodids ... dy

Tp = pp(n —1)

e other series:
Halton: extending Corput series to several dimensions

Hammersly: replace 15t dim. of Halton series by lattice
= lower discrepancy
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D (T,M,S) nets and (T,S) series

e (1,S) series: class of quasi-random numbers using radically
Inverse functions with low discrepancy

e (t.m.,S) net: each elementary interval E (Vol(E) = btm)
contains bt points of series with b™ total points

basis
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D Pseudo- vs. Quasi-random

e generate 2048 numbers
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Comparison
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ITER:
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D Generator examples
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D Optimising discrepancy

Vergleich Niederreiter(2)/Faure
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D several dimensions

o Niederreiter ~ s=10  compare discrepancy in
"D fRmeereen / several dimensions
o S
- 1 ) D
v 10 = .. S8 ©
= 77 *3
> o s — quasi-random numbers
o . ..g good in few dimensions:
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D Example: Breit-Wigner

numerical integration of multi-dim. BW

s r;/2 N
/7;1:11 (W((w — x0)? + F§/4)>

e.g. 2 dimensions:

01 02 M1 >
44.05 57.49 10.84 8.12

deviation from real integral value: (8.8116863 - 10

N Pseudo Halton Faure Sobol Niederreiter | Hammersly lattice
1024 1.03-101 1.72 102 1.55 102 1.03 -102 2.36 103 7.37 -110* 4.61 -104
8192 3.60-/l£< 1.98 - 103 1.94.103 6.20 - 104 1.73 - 10* 1.24-10° | oo
16384 253102 )| 9.08-10% | 956-10% | 2.96.10% | 711105 | 504{10° )| 9.66-10°

N
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D Optimising numerical integration

o Example: convolution of BW with resolution per event (B® mixing analysis)

* use quasi-random numbers = fewer numbers N needed for evaluation

« transform for optimal function sampling =- importance-sampling
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L) Q-VEGAS

e VEGAS: package for numerical integration in
several dimensions:

start with uniform intervals
evaluate function values in these intervals
iteratively adopt interval structure to shape of function

e Q-VEGAS: use quasi-random numbers instead
of pseudo-random numbers:

faster and more accurate evaluation
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D Summary

e Low discrepancy (=evenly distributed) numbers
Important in numerical integration.

e Quasi-random numbers superior in few
dimensions:

faster convergence .
1. 1
higher accuracy T € ox 3 instead of 75

e Wide range of applications, e.g. Q-Vegas
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