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Motivation

� QCD has been renormalized to three loops and beyond in

various gauges: Landau, Feynman and general covariant

� For various problems these choices of gauge may not be the

most appropriate

� One property of the confinement mechanism is that there is

abelian dominance and abelian monopole condensation via

a Meissner dual superconductor picture

� To study the possibility of abelian dominance the natural

choice of gauge is the Maximal Abelian Gauge, MAG

� Currently MAG has only been renormalized to one loop for

� � �� �
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Background

� Main aim is to ascertain whether a dynamical mass is

generated for the gluons

� Problem has been examined in a ‘laboratory model’ called

the Curci-Ferrari model (

� � � � ��� )

� � � 	

 � ��� � � � � 	
��� ��  � �� � ��� � �� � �� � � 
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Properties

� Lagrangian is renormalizable; includes quartic ghost

interaction

� Gluon mass term is BRST invariant

� Massless Curci-Ferrari (CF) model is known as (nonlinear)

Curci-Ferrari gauge

� Corresponds to a particular sector of the MAG

Problems

� Lacks unitarity due to explicit classical mass term -

resolved via dynamical mass generation

� Leads to the examination of the condensation of dimension

two operator
	 � � �

�

� � �

� � ���
�

�
�
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MAG

� Gauge and ghost fields split

� �
� � ��
�

� � &
� with� ��� � ��� (off-diagonal),

� � � � � �� (centre or diagonal)

� Gauge fixing is via a modification of covariant gauge fixing

procedure to give an interpolating Lagrangian�Landau
gf

� � �� 	 	 � � � � � � 	 � � ��� � � � 


�MAG
gf

� � �� 	 	 � � �  � � � 	 � � ��� � � �� 	 � � �   �   
 � � 	 � � � � � ���  �  �   �

� Landau gauge is � � �

,
� � �

� MAG is � � � �

,

� � �
(residual centre gauge symmetry is

fixed in Landau gauge

� � � �

� Implement BRST transformations in FORM
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Full Lagrangian

�

gf

� � 	
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Dimension two operator

� For condensation of operators in MAG examine the BRST

invariant dimension two operator

� � 	 � ��
�

�� �

� � ���� ��

� Similar to CF operator but restricted to the off-diagonal

sector

� For application of local composite operator, LCO,

formalism require its anomalous dimension at three loops

� For the CF and Landau gauges the renormalization

structure was already available

� Landau gauge LCO completed at two loops with massless

quarks (pole mass � � � ��
�

�� �

MS using ONSHELL)
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Renormalization

� Shortcut available in Landau and CF from Slavnov-Taylor

identity ��� �� � � �
� �� �� � � � � �� �

� Similar result in MAG � � �� � � �
� �� �� � � � �  �� �

� Algebraic renormalization defines structure of

renormalization constants

� � 

o

� �� � � � �� �  
o

� �� � 	 �  

� �

o

� ��
� � � � �� �

o
� � �
�

� � � � �

o � ��
 �

� 

o

� ��
� 	 �  � ��� 

o
� ��� 
� �

� 	 �
'

o � � � '�

�o � �  ��� � � � o � � � ��� � � � � �� o � � � ��	 � � 	 ��
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Strategy

� Renormalize

�

-point functions to deduce wave function

renormalizations (except for �
&

);

�

-function emerges from� &

(cf background field gauge)

� All the anomalous dimensions are required for checking

purposes

� Renormalize

� �
�

��
&

�
�

vertex for
� � 

� Deduce ��� �� �

from these anomalous dimensions (explicit

two loop check)

� Generate graphs with QGRAF

� Convert output into FORM input

� Partially substitute Feynman rules
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Strategy continued

� Apply group theory rules (zero diagrams)

� Substitute remaining Feynman rules

� Apply MINCER algorithm

� For one and two loop calculate with full interpolating

Lagrangian

� For three loop calculate with Landau gauge first ( � � �

,

� � �

)

� Repeat for MAG ( � � � �
,

� � �

)

� Extra parameters slows the MINCER algorithm

� Infinities absorbed minimally (MS) automatically
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Triple gluon vertex

id once vtxggg(AA(A1?,m1?,p1?),AA(A2?,m2?,p2?),phot(E3?,m3?,p3?))

= - i_*gg*( - d_(m1,m2)*p1(m3) + d_(m1,m2)*p2(m3)

+ d_(m1,m3)*p1(m2)

- d_(m1,m3)*p2(m2)*alˆ-1*zeal

+ d_(m1,m3)*p2(m2)*alˆ-1

- d_(m1,m3)*p3(m2)

+ d_(m2,m3)*p1(m1)*alˆ-1*zeal

- d_(m2,m3)*p1(m1)*alˆ-1

- d_(m2,m3)*p2(m1) + d_(m2,m3)*p3(m1) );

id once vtxggg(AA(A1?,m1?,p1?),AA(A2?,m2?,p2?),phot(E3?,m3?,p3?))

= - i_*gg*( - d_(m1,m2)*p1(m3)

+ d_(m1,m2)*p2(m3)

+ 2*d_(m1,m3)*p1(m2)

+ d_(m1,m3)*p2(m2)*[(1-zeal)/al+1]

- d_(m2,m3)*p1(m1)*[(1-zeal)/al+1]

- 2*d_(m2,m3)*p2(m1) );
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Diagram count

Green’s function One loop Two loop Three loop Total� �  � �� � 	 � 	 �� �� � � � �

�   � �� � � 
 �� � � �� #


� � �� � � #	 
 � � � 
 � ��

' �(' � � � � � � 	 � � #

� �  ���  � � � � # � � � � � 	 � � � 	 �

Total

	 � � #� � � � � � � � � � �

Number of Feynman diagrams for each Green’s function for the MAG renormalization.

Green’s function One loop Two loop Three loop Total� � � � � � 	 � � # � � � 


� � ��� 	 � 	 � 
 	 � 


' � ' 	 � � � #�

� � �(' ' � � � � � � � � �

Total

� � � 	 	 # � 	 �� �

Number of Feynman diagrams for each Green’s function for the CF gauge renormalization.
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Group theory

� Due to splitting of fields need to develop new group theory

results noting

� &� � � �

and

� &� � � �

� � �  %
� � �  �� �   % � � � �  %

 � � � � � � �  %

� � � � � � � � � � � ��� �� � � � � � � ��� � � � � �  � � �  � � � � � �

�  � � �  � � � � �� � � � � � ��� � � �� � 	 � 
� � � � �� 
 � �

�  � � � � � � � � � �  � � � � � � � �� � � � ��
� 
� � � � � � � � � � � � �� � � � � 
� � � � �� �
� 
� � � � � �	
�

� �
 + � �
� � � +� � � � 
� � � � �� �� � 
� � � � � ��� � � �
 + � �
  � � +  � � ��� � 
� � � � � ���

� �
 + � �
� � � +� � � � 
� � � � �� �� � 
� � � �  �� � �  
 + � �
 � � � + � � � ��
� 
� � � �  ���
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Quark sector

Tr

� � � � � � � ��� � � � � Tr

� � � �  � � � � Tr

� �  � � � � ��� �  �

�  �  � ���
��

� �� � � � � � � � �
� � � ���
��

� �� �
�

� � � � � � �
�

� � � � �� � ���
��

� �� � � � � ��� � 
�
�

� �

�  � � �  �
� ���

��

� �� � � � � ��� � 
�
�

� �

� � �  � � � � �	�
��

� 
� � � ��
�

�  � � � �  � � � �	�
��

� �� � 

� � ��� � � �� � & � � 
� � � � �� �� � 
� � � � � � � � � � � � � � � & � ��� � 
� � � � �

�  ��� � � �� � &
� � � � 

Three loop renormalization of QCD in various nonlinear gauges – p.14/23



Identities for three loop

� �
 + � �� � � + � � � � � � �
 � � � � � � �
 + � � � � � + � � � � � � � 
 � � � �

� �
 + � �� � � + � � � � � � �
 � � � � � � �
 + � �� � � + � � �  � � � 
 � � � �

� �
 + � �� � � + � � � � � � �
 � � � � �� � � � �
 � 
� � � � ���

� �
 � � �� � � � � � �  � � �
 � � � � �� � � 
� � � � �� � � � �
 � 
� � � � � 

� �
 � � � � � � � � � �  � � � 
 � � � � �� � � � �
� 
� � � � � 

� �
 � � � � � � � � � � � � � � 
 � � � � �� � � � �
 � 
� � � � ���

� Implemented in group module in FORM via the use of the

set notation

� Various input assumptions on isotropy of basic results

checked in
� � �� �

and

� � �� �
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Three point function

�

Define matrices

�� � �
��� � � � ��

,

��  �
��

� �  ���

tr

��  � � � � � 	 �

tr

��  � � � � � 	 � � � tr ��  � � � � � � �

tr

��  � � � � � � �

� 	
� � ��� � 
� 
 � �� � � � �
 � 
� �

tr

��  � � � � � � �

tr

��  � � � � � � � � � tr ��  � � � � � � �
tr

��  � � � � � � �

� 	 
 � �� � � � 
� � 
 � �� � � � �# � 
� �

tr

��  � � � � � � �

tr

��  � � � � � � � � � tr ��  � � � � � � �

tr

��  � � � � � � �

�
tr

��  � � � � � � �  � � � � � � �

�
tr

��  � � � � � � �  � � � � � � �

� 	
� � �� � � 
 � �� � 
�� � 
� � 
 � �� � � �# � 
� �

�

tr

��  � � � � � � �

tr
��  � � � � � � �

and tr

��  � � � � � � �  � � � � � � �

cancel
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Results
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 � 
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� 	 	 
 � 	 ��� � � � 	 	 � � � � 	 � 	 � � #� � � � � � � ��� � � � � �
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 � 	 ��� � � � 	 	 � � � � 	 � 	 � � #� � � � � � � �� � � � � �
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Checks

� Structure of renormalization constants not inconsistent with

renormalization group

� Landau gauge results emerge in the limit � � �
,

� � �

� Correct MS

�

-function emerges at three loops from � �  �� �

- independent of �,

� �� and

� ��

� Curci-Ferrari anomalous dimensions correctly emerge for

the off-diagonal sector in the limit

� �� � ��� � �

; difficult to

see in

� � � � � �

� Correct abelian limit emerges

� � �� and

� ��

� MAG anomalous dimensions cannot be deduced from

Landau or CF gauge results
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Four loop
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Conclusions

� Full three loop MS renormalization of QCD in the MAG

for arbitrary colour group (hep-th/0504051)

� Interpolating gauge has been extended to a renormalizable

six parameter Lagrangian (hep-th/0505037)

� Effective potential of

�

for the MAG has been constructed

at one loop (hep-th/0406132)

� All the renormalization aspects for a two loop effective

potential are in place

Three loop renormalization of QCD in various nonlinear gauges – p.23/23
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