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Generation of Difference Schemes

Consider PDEs in the conservation law form

o + —yF(v) =0+ j{—F(v)dvavdy: 0.
r

I is arbitrary closed contour, v is a m—vector function in unknown

n—vector function u and its partial derivatives Uy, Uy, Uyy, Uyy, Uyy, . ..

F is a function that maps R™ into R™.

To do discretization we set

u(x,y) = u(x, yk) = Ujk, Ux(X,y) = Ux(X;, ¥k) = (Ux)jk, - -
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Generation of Difference Schemes

Choose the integration contour and add the integral relations, e.g., )

k+2 ®

k+1e °

k ®
J Jj+1 j+2

Xjy2 Yk+2
Juxdx = u(xji2,y) — u(x;, y), fuydy = U(X, Yky2) = U(X Vi), }
%
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Generation of Difference Schemes

Using a numerical integration method, e.g. the midpoint one, with

Xig1 — X = Yke1 — Yk = Ah

we rewrite the equations and the relations as

—(F(V)j+1 Kk — F(V)j+1 ke2) + (Viy2ke1 — Vjke1) =0,
(Ux)j1k - 2AN = Uj 0k — U,
(uy)jk+1 -2A\h = Ujkto — Ujk,

A difference scheme for u is obtained (Mozzhilkin, Blinkov’'01) by
elimination of all partial derivatives uy, Uy, Uy, ... from the above
system. The elimination can be achieved by constructing a Grobner
basis (GB), if it exists (finite). For linear PDEs GB always exists.
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Reduction of Feynman Integrals

Consider scalar L—loop integral with ninternal lines

1
A

P; are propagators and v = {v4,vo,...,vp} € Z™ is multi-index.

T, = /ddk1 - d9%;

7, satisfies recurrence relations (RR) derived from the integration by
part method (Chetyrkin, Tkachov’81).

Atfter a proper shift of indices 1 = v — A\, A € ZZ ), RR can be written in
the form -

fii=> bl6*oT,=0, j=1,..,p.

a

V.Gerdt (JINR, Dubna, Russia) On Computation of GB for LDS ACAT 2005 8/30



Reduction of Feynman Integrals

6 =67"---05", a={oq,...,an} € ZZ,- 6; denotes the right-shift
operator for the i-th index, i.e.,

0’ ° 12 = I/"/17"'7Hi+17"'7/"/n .

Coefficients b, are polynomials in indices {v4, ..., vy} and physical
parameters: masses, scalar products of external momenta, space-time
dimension d.

Converting difference polynomials #; into the Grobner basis form allows
(Gerdt’04):

@ Define basic (master) integrals as those independent modulo RR.

@ Reduce an integral Z; with shifted indices v — © to the basic
integrals by using the standard Grébner reductions.
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Difference Algebra

Let {y',...,y™} be the set of indeterminates such, for example, as
functions of n—variables {xq,...,x,} and 61,...,0, be the set of
mutually commuting difference operators (differences), e.g.,

0oy = yI(x1,....xi+1,...,%).

A difference ring R with differences 6+, . .., 0, is a commutative ring R
suchthatvf,ge R, 1 <i,j<n

0i0; = 0,0, Oio(f+g) =0jof+0io0g, 0io(fg)=(0iof)(biog)

Similarly one defines a difference field. J

V.Gerdt (JINR, Dubna, Russia) On Computation of GB for LDS ACAT 2005 11/30



Difference Algebra

Let K be a difference field. Denote by R := K{y',...,y™} the
difference ring of polynomials over K in variables

{0Foyf |peZle, k=1,...,m}.

Denote by R, the set of linear polynomials in R and use the notations

©={0" | pezly}, deg;(0" oy) = i, deg(6" o y*) =|u| = Zu,-

A difference ideal I'in R is an ideal / € R close under the action of any
operator from ©. If F :={f,..., fx} C Ris afinite set, then the
smallest difference ideal containing F denoted by Id(F). If F C R,
then Id(F) is linear difference ideal.
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Difference Algebra

A total ordering < over the set of 6,/ is a ranking if it satisfies
Q 00royl —oroyl
Q Oyl =0 oyk —=  Gi9royl = 0,0"oyk Vi j k p,v.

Ifpu>v=46,0 y/ > 6, o yX the ranking is orderly.
If i = j == 6,0y = 6, o y¥ the ranking is elimination.

v

Given a ranking -, every linear polynomial f € R, \ {0} has the leading
termafoyl, 0 c ©;lc(f) := ac K\ {0} is the leading coefficient and
Im(f) := 0 o y/ is the leading monomial.
In R, aranking is a monomial order. If F € R, Im(F) is the set of the
leading monomials and Im;(F) is its subset with indeterminate y/.
Thus,

Im(F) = Uy Im;(F).
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Grobner Bases

Given nonzero linear difference ideal / = I1d(G) and term order >, its
generating set G = {9g1,...,9s} C Ry is a Grobner basis (GB)
(Buchberger, Winkler'98, Mikhalev et al’'99) of / if

Vfe InR, \ {0} 3g€ G0 €O : Im(f)=0olm(g).

It follows that f € I is reducible modulo G

fof=f—le(f0o(g/le(9)), fel.... 0.

Similarly, a polynomial h € R, whose terms are reducible (if any)

modulo set F € R, can be reduced to an irreducible polynomial h,
which is said to be in the normal form modulo F (h = NF(h, F)).
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Grobner Bases

In our algorithmic construction of GB we shall use a restricted set of
reductions called Janet-like (Gerdt, Blinkov’'05) and defined as follows. J

For a finite set F € R, and order -, partition every Imy(F) groups
labeled by dy, ..., d; € Z>p, (0 <i<n), ([0]x =1mk(F))

[0, ..., di]k :== {u € Imk(F) | do = 0, dy = deg(u), ..., d; = deg;(u)}.

Define hj(u,lmk(F)) := max{deg;(v) | u,v € [dp, ..., di_1]x} — deg;(u).
If hj(u,Imy(F)) > 0, then 67 where

s := min{deg;(v) — deg;(u) | u, v € [dh, ..., d—1]x, deg;(v) > deg;(u)}

is called a difference power for u.
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Grobner Bases

Denote the set of difference powers for u € Imy(F) by DP(u,Im(F))
and define the following subset of ©

J(u,1m(F)) := {6 € © | W% € DP(u,Im(F)) : deg,(6 o u) < s;}.

A GB of I =1d(G) is called Janet-like (Gerdt, Blinkov’'05) if
Vie INR,\{0} 3g € G,0 € J(Im(g),Im(G)) : Im(f) = 6 olm(g).

This implies 7 —reductions and J—normal form: NF 7 (f, F).

Algorithmic characterization of Janet-like GB:

Vg € G V¥ € DP(Im(9),Im(G)) : NF;7(¥0g,G)=0.

They are similar to (but more compact than) involutive Janet bases.
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Algorithm: Janet-like Grobner Basis(F C R, >)

choose f € F with the lowest Im(f) w.r.t. >~
:G={f}; Q=F\G
. do

h:=0

while Q # 0 and h=0do
choose p € Q with the lowest Im(p) w.r.t. >
Q:= Q\ {p}; h:=Normal Form(p, G, <)

od

9: if h#0then

10: for all {g € G| Im(g) = 0*(Im(h)), || > 0} do

11: Q:=Qu{g}l; G:=G\{g}

12: od

13: G:=GuU{h}

14: Q:=Qu{#Pog|ge G, BeDP(Im(g),Im(G))}

15:  fi

16: od while Q # 0

17: return G

NN
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Subalgorithm

Algorithm: Normal Form(p, G, <)

1: h:==p
while h # 0 and h has a monomial u with coefficient b € K
J —reducible modulo G do

n

3: takege G s.t. u=0"(Im(g)) with v € 7(Im(g), Im(G))
4. h:=h/b—-0"0(g/lc(g))

5. od

6: return h

Algorithm Janet-like Grébner Basis implemented (in an improved
form) in Maple (Gerdt, Robertz'05) is an extension of the polynomial
algorithm (Gerdt, Blinkov'05) to difference ideals.
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FDS for Laplace Equation

Consider the Laplace equation uxx + Uy, = 0 and rewrite it as the
conservation law

—uydx + uxdy = 0.

Add the integral relations

Xjt2 Yk+2

uxdx = u(Xj2,y) — u(x;, y), / uydy = u(x, Yki2) — u(X, ¥x) -

Xj Yk

Thus, we obtain 3 integral relations for 3 unknown functions

U(X7y)7 UX(X?y)7 UY(Xay)'
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FDS for Laplace Equation

Choose midpoint integration method for above rectangular contour. J

This yields the discrete system

(Ux)j41k - 28D = Upok — Ujk,

{ —((uy)js1k = (Uy)jr1kr2) + ((Ux)jr2kr1 — (Uy)jks1) =0,
(Uy)jks1 - 20N = Uikt — Ujk.

Its difference form is

(0)( ex)OUy+(629y ay)OUXZO,
ZAhQXOUX (0 —1)OU:0,
2Ah6youy — (05 —1)ou=0.
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FDS for Laplace Equation

Computation of GB (in this case Janet-like GB is the reduced GB) for
elimination order with uy >~ u, > u and 6y >~ 6, gives

fxoly — ziz (02 —1)ou=0,

Oy © Ux + Ox o Uy — X7 (Ox0y (03 — 1) + (63— 1))) ou = 0,

62 0 Uy — 71 (020,((62 — 1)+ (62— 1)) — 6, (02 — 1)) ou =0,
Oy o Uy — 555 (65 = 1) ou=0,

S (6202 + 0264 — 46262 + 62 + 62) o U = 0.
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FDS for Laplace Equation

The last equation gives the difference scheme written in double nodes

Uirak — 2Ujk + Uj-2k | Uks2 — 2Ujk + Yk2 _ o
YNE L

Similarly, the trapezoidal rule for the relation integrals generates the
same difference scheme but written in ordinary nodes

U1k — 2Ujk + U1k Uikt — 2Ujk + Ujk—1
Ah? Ah?

=0.
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Conclusions

@ GB are the most universal algorithmic tool for linear difference
systems.

@ In particular, they can be applied to generate differences schemes
for linear PDEs and to reduce multiloop Feynman integrals.

@ There is an efficient algorithm for construction of GB for linear
difference ideals. The algorithm is based on the concept of
Janet-like reductions.

@ Janet-like GB are similar to (but more compact than) involutive
Janet bases, and the reduced GB can be easily extracted from the
Janet-like GB without any extra computational costs.

@ The first implementation in Maple is already available.

@ Computer experiments and open software for constructing
polynomial Janet and Janet-like bases presented on the Web site
http://invo. jinr.ru.
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